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These notes are based on five 1.5 hour lectures on torus actions on contact mani-
folds delivered at the summer school on Symplectic Geometry of Integrable Hamil-
tonian Systems at Centre de Recerca Matema`tica in Barcelona in July 2001. Nat-
urally the notes contain more material that could have been delivered in 7.5 hours.
I am grateful to Carlos Curra`s-Bosch and Eva Miranda, the organizers of the sum-
mer school, for their kind invitation to teach a course. Thanks are also due to the
staff of the CRM without whom the summer school would not have been a success.
The main theme of these notes is the topological study of contact toric man-
ifolds, a relatively new class of manifolds that I find very interesting. A moti-
vation for studying these manifolds comes from completely integrable systems
{f1, . . . , fn} on punctured cotangent bundles where each function fi is homoge-
neous of degree 1 (one can think of fi’s as symbols of first order pseudo-differential
operators, but this is not essential). A punctured cotangent bundle is a symplec-
tic cone whose base is naturally a contact manifold (this is explained in detail in
Chapter 2). This observation leads to studying completely integrable systems on
contact manifolds, whatever those are.
The simplest (symplectic) completely integrable systems are the ones with
global action-angle coordinates. The next simplest case is that of Hamiltonian torus
actions. If the phase space is compact one ends up with (compact) symplectic toric
manifolds. This is the theme of Ana Cannas’s lectures delivered at the summer
school. The corresponding case in the contact category is that of compact toric
manifolds.
We will use the excuse of studying completely integrable geodesic flows with
homogeneous integrals to introduce various ideas essential for the classification of
contact and symplectic toric manifolds. More specifically we will discuss in these
notes contact moment maps, slices for group actions, sheaves and Cˇech cohomol-
ogy, orbifolds and Morse theory on orbifolds.
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Chapter 1
Introduction
We start with an innocuous sounding problem.
Problem Consider the cotangent bundle of the n-torus minus the zero section
T ∗Tn r 0. That is, consider the manifold
M = {(q, p) ∈ Rn/Zn × Rn | p 6= 0}.
Suppose further that the torus G = Tn = Rn/Zn acts on M effectively
and preserves the standard symplectic form ω =
∑
dpi ∧ dqi (i.e., the action is
symplectic). Suppose further that the action of G commutes with dilations, i.e.,
the action ρ of R on M given by
ρλ(q, p) = (q, e
λp).
Is the action of G necessarily free?
Remark 1.1. 1. Recall that an action of the group G on a manifold M is effec-
tive if the only element of G that fixes all the points of M is the identity.
2. There is an “obvious” action of Tn on M which has the above properties
and is free — it is the lift of left multiplication:
a · (q, p) = (aq, p),
where a ∈ Tn, (q, p) ∈ M . The issue is whether an arbitrary action of Tn
which is effective, symplectic and commutes with dilations is necessarily free.
3. We will see later (Proposition 2.6) that an action of a Lie group G on a punc-
tured cotangent bundle which is symplectic and commutes with dilations is
necessarily Hamiltonian. That is, there is a moment map Φ : M → g∗.
Recall the definition of the moment map for a symplectic action of a Lie
1
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group G on a symplectic manifold (M,ω): for any vector X in the Lie alge-
bra g of G
d〈Φ, X〉 = ω(XM , ·),
where 〈·, ·〉 : g∗ × g→ R is the canonical pairing and XM is the vector field
induced by the infinitesimal action of X : XM (x) =
d
dt
∣∣
t=0
(exp tX) · x.
The problem is due to John Toth and Steve Zelditch [TZ]. The context is
classical and quantum integrability of geodesic flows. Recall that for a manifold
Q with a Riemannian metric g the corresponding geodesic flow is the flow on
the cotangent bundle T ∗Q of the Hamiltonian vector field Xh of the function
h = hg ∈ C∞(T ∗Q) which is the square root of the energy:
hg(q, p) = (g
∗
q (p, p))
1/2
for all q ∈ Q, p ∈ T ∗qQ. Here g∗ denotes the inner product on the cotangent
bundle T ∗Q→ Q dual to the inner product g; g∗ is the so called dual metric. For
an analyst the function h is the principal symbol of the square root of the Laplace
operator
√
∆ defined by the metric g. A precise definition of
√
∆ will play no role
in these notes. For a Riemannian geometer it’s important that the integral curves
of the vector field Xh project down to geodesics on the manifold Q. Toth and
Zelditch were interested in the meaning of L∞ boundedness of the L2-normalized
eigenfunctions of
√
∆. They observed that the question is easier if
√
∆ is quantum
completely integrable. Again, it will not be important to us as to what that means
precisely. What will matter is that quantum integrability of
√
∆ implies (classical)
homogeneous complete integrability of the geodesic flow. Namely, it implies that
there exist functions f1 = h, f2, . . . , fn ∈ C∞(T ∗Qr 0), n = dimQ,1 such that
1. the functions f1, . . . , fn are functionally independent on an open dense set
U ⊂ T ∗Qr 0, i.e., df1 ∧ . . . ∧ dfn 6= 0 on U ;
2. the functions Poisson commute with each other: {fi, fj} = 0 for all 1 ≤ i, j ≤
n;
3. the functions fi are homogeneous of degree 1:
ρ∗λfi = e
λfi
for all λ ∈ R, where ρλ : T ∗Q r 0 → T ∗Q r 0 again denotes the dilation
ρλ(q, p) = (q, e
λp), q ∈ Q, p ∈ T ∗qQ.
Exercise 1.2. Suppose f is a smooth function on the punctured cotangent bundle
T ∗Qr 0 of a manifold Q which is homogeneous of degree 1, i.e., ρ∗λf = e
λf for all
dilations ρλ. Show that its Hamiltonian vector field Xf (relative to the standard
symplectic structure on T ∗Q) satisfies
dρλ(Xf ) = Xf ◦ ρλ.
1 T ∗Qr 0 denotes the punctured cotangent bundle of Q, that is, T ∗Q with the zero section
deleted.
3Conclude that the flow of Xh commutes with dilations.
Given a completely integrable system, we know that locally around any
generic point there exist action-angle variables. Toth and Zelditch observed that
things are considerably simpler if the action-angle variables are global. Then there
exists an effective action of a torus Tn = Rn/Zn on T ∗Qr0 preserving the function
h and the symplectic form, and commuting with dilations ρλ. Toth and Zelditch
proved (op. cit.):
Theorem 1.3. Suppose that the Lie group G = Tn acts effectively on M =
T ∗Tn r 0, preserving the standard symplectic form and the function hg(q, p) =
(g∗q (p, p))
1/2 for some metric g on Tn. Suppose further the action commutes with
dilations. If the action of G is free then the metric g is flat, that is,
g =
∑
gij dqi ⊗ dqj
for some constants gij (with gij = gji).
The eigenfunctions of a flat metric Laplace operator on a torus are well understood.
Let us now go back to the problem. The answer to the question is yes [LS]:
Theorem 1.4. Suppose the Lie group G = Tn = Rn/Zn acts effectively on the
punctured cotangent bundle M = T ∗Tnr0 preserving the standard symplectic form
and commuting with dilations ρλ : M → M , ρλ(q, p) = (q, eλp). Then the action
of G is free.
The main purpose of these notes is to explain why Theorem 1.4 is true. I
will now try to motivate the proof and to put it in a broader context. As was
remarked previously (Remark 1.1(3)), the action of the torus G on M = T ∗Tnr 0
is Hamiltonian. By the dimension count the manifold M together with its natural
symplectic structure and the action of G is a symplectic toric manifold. Recall the
definition.
Definition 1.5. A symplectic toric manifold is a triple (M,ω,Φ : M → g∗)
whereM is a manifold, ω is a symplectic form onM , and Φ is a moment map for an
effective Hamiltonian action of a torus G on (M,ω) satisfying 2 dimG = dimM .
Compact symplectic toric manifolds are well understood thanks to a classi-
fication theorem of Delzant [D], which says that all such manifolds are classified
by the images of the corresponding moment maps. Note that by the Atiyah -
Guillemin - Sternberg convexity theorem [A, GS1], the images are convex ratio-
nal polytopes. Delzant proved that in the toric case the polytopes are simple2
and additionally satisfy certain integrality conditions. Finally any simple polytope
satisfying the integrality conditions occurs as an image of the moment map for a
compact symplectic toric manifold.
2 A polytope in an n-dimensional real vector space is simple if there are exactly n edges
meeting at each vertex. Equivalently, all the supporting hyperplanes are in general position.
Thus a cube and a tetrahedron are simple and an octahedron is not.
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Exercise 1.6. Show that a Hamiltonian torus action on a compact symplectic man-
ifold is never free. Hint: any smooth function on a compact manifold has a critical
point (in fact it has at least two — a maximum and a minimum).
The manifold M = T ∗Tn r 0 we are interested in is not compact. Worse,
we will see that the corresponding moment map Φ : M → g∗ is homogeneous
(Proposition 2.6):
Φ(ρλ(m)) = e
λΦ(m)
for all m ∈ M , λ ∈ R. This is a bit of bad news — Morse theory is an essential
ingredient in the proof of the Atiyah-Guillemin-Sternberg convexity theorem and
hence of Delzant’s classification. Morse functions on a noncompact manifold which
are not bounded either above or below are in practice impossible to work with.
On the other hand, because of homogeneity, the moment map descends to the
quotient of M by the action of R. The quotient is diffeomorphic to the co-sphere
bundle S∗Tn := {(q, p) ∈ T ∗Tn | g∗q (p, p) = 1} for some dual metric g∗. Since
S∗Tn is odd-dimensional, it is not a symplectic manifold.3
It is also easy to see in an example that the map induced on S∗Tn by a
homogeneous moment map on T ∗Tnr 0 behaves rather strangely if one is used to
symplectic moment maps:
Example 1.7. Consider the standard action of G = Tn on the cotangent bundle
T ∗Tn, the lift of the left multiplication:
a · (q, p) = (a · q, p),
The corresponding moment map Φ : T ∗G = G × g∗ → g∗ is given by Φ(q, p) = p.
Fix the standard metric on G and identify the dual of the Lie algebra g∗ with Rn.
Then the co-sphere bundle S∗G is Tn × Sn−1. The map Φ′ = Φ|S∗G : S∗G → g∗
is also given by Φ′(q, p) = p. Note that for any nonzero vector X ∈ g the function
〈Φ′, X〉 has exactly two critical manifolds even though the action of G on S∗G is
free!
Compare this with the symplectic situation where critical points of compo-
nents of moment maps are points with nontrivial isotropy groups. What are we
dealing with? We are dealing with moment maps for group actions on contact
manifolds.
We finish the section by sketching a strategy for our proof of Theorem 1.4. The
effective action of the torus G on M = T ∗Tn r 0 descends to an effective action
on the quotient B = S∗Tn of M by dilations. The action of G on B preserves
a contact structure ξ (see Definition 2.14 below) making (B, ξ) into a compact
connected contact toric G-manifold (c.c.c.t.m., see Definition 2.30). We then study
all c.c.c.t.m.’s with a non-free torus actions and argue that none of them can have
the homotopy type of B = Tn × Sn−1.
3The manifold S∗Tn is contact. See next Chapter and the Appendix.
Chapter 2
Symplectic cones and
contact manifolds
In this section we define symplectic cones, contact forms and contact structures.
Given a symplectic cone we show how to construct the corresponding contact
manifold, and conversely, given a contact manifold we construct the corresponding
symplectic cone. Thus symplectic manifolds and contact manifolds are “the same
thing.” Next we show that a symplectic action of a Lie group on a symplectic cone
induces a contact action on the corresponding contact manifold. This will give us
tools to set up a proof of Theorem 1.4 as a study of contact toric manifolds. The
material in this section is fairly well known. We now start by defining symplectic
cones.
Definition 2.1. A symplectic manifold (M,ω) is a symplectic cone if
• the manifold M is a principal R bundle over some manifold B, called the
base of the cone, and
• the action of the real line R expands the symplectic form exponentially. That
is, ρ∗λω = e
λω, where ρλ denotes the diffeomorphism define by λ ∈ R.
Definition 2.2. Recall that a map f : X → Y between two topological spaces is
proper if the preimage of a compact set under f is compact. An action of a Lie
group G on a manifold M is proper if the map G ×M ∋ (g,m) 7→ (g ·m,m) ∈
M ×M is proper.
By a theorem of Palais [P] the quotient M/G of a manifold M by a free
proper action of a Lie group G is a manifold and the orbit map M →M/G makes
M into a principal G bundle (see also Remark 4.5 below). It follows that if a
symplectic manifold (M,ω) has a complete vector field X with the following two
properties:
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1. the action of R induced by the flow of X is proper, and
2. the Lie derivative of the symplectic form ω with respect to the vector field
X is again ω: LXω = ω,
then (M,ω) is a symplectic cone relative to the induced action of R. This gives us
an equivalent definition of a symplectic cone.
Definition 2.3. A symplectic cone is a triple (M,ω,X) whereM is a manifold,
ω is a symplectic form on M , X is a vector field on M generating a proper action
of the reals R such that LXω = ω.
Example 2.4. Let (V, ωV ) be a symplectic vector space. The manifoldM = V r{0}
is a symplectic cone with the action of R given by ρλ(v) = e
λv. Clearly ρ∗λωV =
eλωV . The base is a sphere.
Example 2.5. Let Q be a manifold. Denote the cotangent bundle of Q with the
zero section deleted by T ∗Q r 0. There is a natural free action of the reals R on
the manifold M := T ∗Q r 0 given by dilations ρλ(q, p) = (q, e
λp). It expands the
standard symplectic form on the cotangent bundle exponentially. Thus T ∗Qr 0 is
naturally a symplectic cone. The base is the co-sphere bundle S∗Q.
Proposition 2.6. Suppose (M,ω,X) is a symplectic cone and suppose a Lie group
G acts on M preserving the symplectic form ω and the expanding vector field X.
Then the action of G on the symplectic manifold (M,ω) is Hamiltonian. Moreover
we may choose the moment map Φ :M → g∗ to be homogeneous of degree 1, i.e.,
Φ(ρλ(m)) = e
λΦ(m)
for all λ ∈ R and m ∈ M . Here ρλ denotes the action of R generated by X, that
is, the time λ flow of X.
Proof. Note first that since LXω = ω and since dω = 0, it follows from Cartan’s
formula (LXω = ι(X)dω + dι(X)ω) that d(ι(X)ω) = ω. Since the action of G
preserves X and ω, it preserves the contraction ι(X)ω. Therefore for any vector A
in the Lie algebra g of G we have LAM (ι(X)ω) = 0, where AM as before denotes
the vector field on M induced by A. Therefore
0 = dι(AM )ι(X)ω + ι(AM )d(ι(X)ω) = d(ω(X,AM )) + ι(AM )ω,
and consequently
ι(AM )ω = d(ω(AM , X)).
We conclude that the map Φ :M → g∗ defined by
〈Φ(m), A〉 = ωm(X(m), AM (m))
is a moment map for the action of G on (M,ω).
7Exercise 2.7. Suppose a Lie group G acts on a manifold M preserving a 1-form β.
Define the β-moment map Ψβ :M → g∗ by
〈Ψβ(m), A〉 = βm(AM (m))
for all A ∈ g and all m ∈ M . Here as usual AM denotes the vector field induced
by A on M .
Show that Ψβ is G-equivariant, that is, show that for any a ∈ G and any
m ∈M
Ψβ(a ·m) = Ad†(a)Ψβ(m),
where Ad† : G→ GL(g∗) denotes the coadjoint representation. Conclude that the
map Φ defined in Proposition 2.6 is equivariant.
Definition 2.8. A 1-form α on a manifold B is a contact form if the following
two conditions hold:
1. αb 6= 0 for all points b ∈ B. Hence ξ := kerα = {(b, v) ∈ TB | αb(v) = 0} is
a vector subbundle of the tangent bundle TB.
2. dα|ξ is a symplectic structure on the vector bundle ξ → B (i.e. dαb|ξb is
nondegenerate).
Remark 2.9. 1. If ξ → B is a symplectic vector bundle, then the dimension of
its fibers is necessarily even. Hence if a manifold B has a contact form, then
B is odd-dimensional.
2. A 1-form α on 2n + 1 dimensional manifold B is contact if and only if the
form α ∧ (dα)n is never zero, i.e., it is a volume form. [Prove this].
Example 2.10. The 1-form α = dz + x dy on R3 is a contact form: α ∧ dα =
dz ∧ dx ∧ dy.
Example 2.11. Let B = R×T2. Denote the coordinates by t, θ1 and θ2 respectively.
The 1-form α = cos t dθ1 + sin t dθ2 is contact. [Check this.]
Lemma 2.12. Suppose α is a contact form on a manifold B. Then for any positive
function f on B the 1-form fα is also contact.
Proof. Note first that since f is nowhere zero, kerfα = kerα. Thus to show that fα
is contact, it is enough to check that d(fα)|ξ is nondegenerate, where ξ = kerα =
ker fα. Now d(fα) = df ∧ α + fdα and α|ξ = 0. Therefore d(fα)|ξ = fdα|ξ.
But f is nowhere zero and dα|ξ is nondegenerate by assumption. Thus d(fα)|ξ is
nondegenerate.
Definition 2.13. We define the conformal class of a 1-form α on a manifold B
to be the set [α] = {ehα | h ∈ C∞(B)}, that is, the set of all 1-forms obtained
from α by multiplying it by a positive function.
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Thus if a 1-form α on a manifold B is contact, then its conformal class consists
of contact forms all defining the same subbundle ξ of the tangent bundle of B.
Definition 2.14. A (co-orientable) contact structure ξ on a manifold B is a
subbundle of the tangent bundle TB of the form ξ = kerα for some contact form
α.
A co-orientation of a contact structure ξ is a choice of a conformal class of
contact forms defining the contact structure.
Remark 2.15. More generally a contact structure on a manifoldB is a subbundle
ξ of the tangent bundle TB such that for every point x ∈ B there is a contact
1-form α defined in a neighborhood of x with kerα = ξ. There exist contact
structures which are not co-orientable. For such structures ξ a one-form α with
kerα = ξ exists only locally. In these notes we will only deal with co-
orientable contact structures .
Exercise 2.16. Let β be a nowhere zero 1-form on a manifold B and let η = kerβ.
Let η◦ → B denote the annihilator of η in T ∗B: the fiber of η◦ at b ∈ B is the
vector space
η◦b = {p ∈ T ∗b B | p|ηb = 0}.
Show that β is a nowhere zero section of real line bundle η◦ → B. Show that any
other nowhere zero section β′ of η◦ → B is of the form β′ = fβ for some nowhere
zero function f on B.
Conclude that a contact structure ξ is co-orientable if and only if the punc-
tured real line bundle ξ◦ r 0 has two components (0 of course denotes the zero
section). Show that a choice of co-orientation of ξ is the same as a choice of a
component ξ◦+ of the punctured bundle ξ
◦ r 0.
Definition 2.17. Let (B1, ξ1 = kerα1) and (B2, ξ2 = kerα2) be two co-oriented
contact manifolds. A diffeomorphism ϕ : B1 → B2 is a contactomorphism if the
differential dϕ maps ξ1 to ξ2 preserving the co-orientations. That is, ϕ
∗α2 = fα1
for some positive function f .1
Definition 2.18. An action of a Lie group G on a manifold B preserves a
contact structure ξ and its co-orientation if for every element a ∈ G the cor-
responding diffeomorphism aB : B → B is a contactomorphism. We will also say
that the action of G on (B, ξ) is a contact action.
Definition 2.19. Let α be a contact form on a manifold B. The Reeb vector
field Yα of α is the unique vector field satisfying ι(Yα)dα = 0 and α(Yα) = 1.
Exercise 2.20. Why does the definition of the Reeb vector field makes sense?
Remark 2.21. The Reeb vector field depends strongly on the contact form. And
it is not just its magnitude: if α is a contact form and Yα is its Reeb vector field,
then there is no reason for ι(Yα)d(fα) = 0 where f is a nowhere zero function.
1 Since dϕ(ξ1) = ξ2, the lift ϕ˜ : T ∗B1 → T ∗B2 of ϕ maps ξ◦1 to ξ
◦
2
. “dϕ preserves the
co-orientation” means that ϕ˜ maps (ξ1)◦+ to (ξ2)
◦
+
(cf. Exercise 2.16).
9Exercise 2.22. Compute the Reeb vector field of the contact form α = dz + x dy
on R3.
Exercise 2.23. Compute the Reeb vector field of the contact form α of Exam-
ple 2.11: α = cos t dθ1 + sin t dθ2 on B = R× T2.
Symplectic cones and contact manifolds are intimately related:
Theorem 2.24. Suppose a compact connected Lie group G acts effectively on
a symplectic cone (M,ω,X) preserving the symplectic form ω and the expanding
vector field X. Then G induces an effective action on the base B of the cone making
the projection ̟ : M → B G-equivariant. Moreover, the base B has a natural co-
oriented contact structure ξ, and the induced action of G on B preserves a contact
form α defining ξ. In particular the action of G on (B, ξ) is contact.
We start the proof of Theorem 2.24 with an observation that the action of
G on M descends to an effective action of G on the base B making the projection
̟ :M → B G-equivariant. Next we prove:
Proposition 2.25. Any principal R-bundle R→M ̟→ B is trivial.
Proof. The proposition is true because the real line is contractible. Here is an
elementary argument. Note first that if s : B →M is a (local) section of→M ̟→ B
and f ∈ C∞(B) is a function, then s− f makes sense; it is again a (local) section
of ̟ :M → B. To prove that a principal bundle is trivial it is enough to construct
a global section. To this end choose an open cover {Uα} of B such that for each Uα
there is a section sα : Uα →M . Choose a partition of unity τα subordinate to the
cover {Uα}. Two sections of a principal R-bundle differ by real-valued function.
Thus by abuse of notation on an intersection Uα ∩ Uβ, sα − sβ is a real-valued
function. Now define for each index α
s′β = sβ −
∑
α6=β
τα(sβ − sα).
Then on an intersection Uα ∩ Uβ
s′β − s′γ =

sβ −∑
α6=β
τα(sβ − sα)

 −

sγ −∑
α6=γ
τα(sγ − sα)


= sβ − sγ −

 ∑
α6=β,γ
τα(sβ − sγ)

+ τβ(sγ − sβ)− τγ(sβ − sγ)
= sβ − sγ − (
∑
α
τα)(sβ − sγ) = 0.
Therefore the collection of local sections {s′α} defines a global section of ̟ :M →
B. Consequently the bundle is trivial.
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Thus any symplectic cone is of the form B × R where B = M/R is an odd-
dimensional manifold.
Lemma 2.26. Let (M,ω,X) be a symplectic cone, let B be its base and let ̟ :
M → B denote the projection. Pick a trivialization ϕ : B ×R→M . Then ϕ∗ω =
d(etα) where t is a coordinate on R and α is a contact form on B. Conversely, if
α is contact form on B then (B × R, d(etα), ∂∂t ) is a symplectic cone.
Proof. By Proposition 2.25 the principal R bundle ̟ : M → B is trivial. Choose
a trivialization M ≃ B × R. Under this identification the vector field X becomes
∂
∂t .
Since dω = 0 and LXω = ω, dι(X)ω = ω (c.f. proof of Proposition 2.6). Let
β = ι(X)ω. Then ι(X)β = 0 and LXβ = dι(X)β + ι(X)dβ = 0 + ι(X)ω = β.
Hence for any point (b, t) ∈ B × R
β(b,t) = e
tβ(b,0).
Since ι(X(b, 0))β(b,0) = 0 it follows that β(b,0) = αb for a 1-form α on B. It remains
to show that α is contact. For this it suffices to show that α∧(dα)d is nowhere zero,
where d = 12 dimM − 1. Now ω = d(etα) is symplectic. Hence ωd+1 is nowhere
vanishing. Now ωd+1 = (et(dt ∧ α+ dα))d+1 = etddt ∧ α ∧ (dα)d. Hence α ∧ (dα)d
is nowhere vanishing.
Conversely suppose α is a contact 1-form on B. Let ω = d(etα) and let
X = ∂∂t . Then LXω = d(ι(
∂
∂t )d(e
tα)) = d(ι( ∂∂t )(e
tdt∧α+etdα)) = d(etα+0) = ω.
It remains to check that ω is nondegenerate. For any (b, t) ∈ B × R, the tangent
space T(b,t)(B × R) decomposes as T(b,t)(B × R) = kerαb ⊕ RYα(b)⊕ R where Yα
is the Reeb vector field of α (cf. Definition 2.19). Since α is contact dαb|kerαb is
nondegenerate. The restriction dt ∧ αb to RYα(b) ⊕ R is nondegenerate as well.
Hence ω = et(dt ∧ α+ dα) is nondegenerate. This proves that (B × R, d(etα), ∂∂t )
is a symplectic cone.
Exercise 2.27. Let (M,ω,X) be a symplectic cone, let B be its base and let ̟ :
M → B denote the R-orbit map. Pick a global section s : B →M of ̟ :M → B
and let α = s∗(ι(X)ω). Show that α is a contact form on B. Show that it is
the same contact form that the proof of Lemma 2.26 would produce from the
trivialization ϕ : B × R → M , ϕ(b, t) = ρt(s(b)). Here ρt : M → M denotes the
action of R.
Remark 2.28. Different choices of trivializations ϕ of ̟ : M → B give rise to
different contact forms on B. However, they all define the same contact structure
ξ on the base B. Intrinsically ξ can be defined as follows: for a point b ∈ B,
ξb = d̟m(ker(ι(X)ω)m) for any m ∈ ̟−1(b) (2.1)
It is not hard to check that ξ is well-defined. First note that R acts transitively
on the fiber ̟−1(b). Second observe that for any λ ∈ R we have ρ∗λ(ι(X)ω) =
eλ(ι(X)ω), and hence dρλ(ker(ι(X)ω)m) = (ker(ι(X)ω)ρλ(m). Here again ρt :M →
M denotes the action of R.
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It follows that the action of G on B induced by an action of G on the sym-
plectic cone ̟ : M → B preserves the contact structure ξ defined by (2.1). Since
G is connected and since the identity map preserves the co-orientation of ξ, all the
other elements of G also preserve the co-orientation.
It remains to show that there is a G-invariant 1-form α with kerα = ξ. By
Lemma 2.26 a choice of a trivialization of ̟ : M → B gives us a 1-form α on B
with kerα = ξ, but this form need not be G-invariant. It is only G-invariant if the
trivialization is G-equivariant. Therefore we proceed as follows.
Lemma 2.29. Suppose a compact Lie group G acts on a manifold B preserving
a (co-oriented) contact structure ξ = kerα for some 1-form α. Then there exists
a G-invariant 1-form α˜ with ker α˜ = ξ.
Proof. For every a ∈ G the corresponding diffeomorphism aB : B → B is a
contactomorphism. Hence (aB)
∗α = faα for some positive function fa depending
smoothly on a. Define a new contact form α˜ to be the average of α over the action
of G:
α˜b =
∫
G
((aB)
∗α)b da =
∫
G
(fa(b)αb) da =
(∫
G
fa(b) da
)
αb
for all b ∈ B. Here da is a bi-invariant measure on G normalized so that ∫
G
da = 1.
Since fa > 0 for all a ∈ G, the integral
(∫
G fa(b) da
)
is positive and α˜ is indeed
nowhere zero.
From now on we will always assume that whenever a group actions preserves a
contact structure it also preserves a contact form defining this structure.
This concludes the proof of Theorem 2.24. It follows from the Theorem that
if an n-torus G acts effectively on the punctured cotangent bundle M = T ∗Tnr 0
preserving the symplectic form and commuting with dilations then it acts on the
quotient B =M/R ≃ S∗Tn preserving the corresponding contact structure. Note
that 2 dimG = dimB + 1.
Definition 2.30. An effective action of a torus G on a manifold B preserving a
contact structure ξ is completely integrable if 2 dimG = dimB + 1.
A contact toric G-manifold is a co-oriented contact manifold with a com-
pletely integrable action of a torus G.
We are now in position to reduce Theorem 1.4 to a statement about contact
toric manifolds. Consider again the action of G = Tn onM = T ∗Tnr0 preserving
the symplectic form and commuting with dilations. As was remarked previously
M is a symplectic cone over B = S∗Tn = Tn×Sn−1. By Theorem 2.24 the action
of G onM induces an effective action on B. Moreover B has a G-invariant contact
structure ξ making (B, ξ) into a compact connected contact toric G-manifold.
Clearly if the action of G on B is free then the original action of G on M was free
as well. Therefore a proof of Theorem 1.4 reduces to
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Theorem 2.31. Let (B, ξ = kerα) be a compact connected contact toric G-manifold
and suppose the action of G is not free. Then B is not homotopy equivalent to
Tn × Sn−1, n = dimG.
The rest of the notes will be occupied with a proof of Theorem 2.31. The
proof uses heavily contact moment maps which are discussed in the next section.
We end this section with a partial converse to Theorem 2.24.
We have seen that given a contact form α on a manifold B the form d(etα)
on B ×R is symplectic. The pair (B ×R, d(etα)) is called the symplectization2
of (B,α). It is clearly a symplectic cone.
Different contact forms on B give rise to different symplectic forms on B×R.
However there is a symplectic cone that depends only on the contact structure
ξ = kerα (and its co-orientation) and not on a particular choice of a contact form:
Let ξ◦+ denote the component of ξ
◦r0 giving ξ its co-orientation (cf. Exercise 2.16).
It is not hard to check that ξ◦+ is a symplectic submanifold of the cotangent
bundle T ∗B with its standard symplectic structure. The action of R on T ∗B r 0
by dilations preserves ξ◦+ and makes it into a symplectic cone. A section β of
ξ◦+ → B is a contact form β on B with ξ = kerβ. Moreover the trivialization
ϕβ : B × R → ξ◦+, ϕβ(b, t) = etβb, that β defines pulls back the symplectic form
on ξ◦+ to d(e
tβ).
Finally given a symplectic cone (M,ω,X) with the base B, the orbit map
̟ : M → B and the induced contact structure ξ on B, there is an R equivariant
symplectomorphism ϕ : M → ξ◦+ defined as follows: for a point m ∈ M let ϕ(m)
be the covector in T ∗̟(m)B such that
ϕ(m)(v) = (ι(X)ω)m(dsb(v))
for all v ∈ T̟(m)B and a section s of ̟ : M → B.
The discussion above can be summarized as:
Lemma 2.32. Let (B, ξ = kerα) be a contact manifold, let ξ◦+ be a component of
ξ◦r 0, the annihilator of ξ in T ∗B minus the zero section. The principal R bundle
ξ◦+ → B is a symplectic cone.
If (M,ω,X) is a symplectic cone with the base B and ξ is the induced contact
structure on B, then ξ◦+ is isomorphic to (M,ω,X) as a symplectic cone.
2Sometimes (B × R, d(etα)) is called the symplectification of (B, α).
Chapter 3
Group actions and moment
maps on contact manifolds
Moment maps exist in the category of contact group actions. In fact moment maps
exist for all contact actions. This is because a contact form defines a bijection
between contact vector fields and smooth functions.
Definition 3.1. A vector field X on a contact manifold (B, ξ = kerα) is contact
if its flow ϕt consists of contactomorphisms. In particular dϕt(ξ) ⊂ ξ. Hence for
any section v of the bundle ξ → B, the Lie bracket [X, v] is again a section of
ξ → B.
Thus for a contact action of a Lie group G on (B, ξ) the vector fields induced
by elements of the Lie algebra g of G are contact.
Exercise 3.2. Prove that a Reeb vector field is contact. More generally prove that
a vector field X on a contact manifold (B, ξ = kerα) is contact if and only if
LXα = hα for some function h (h can have zeros).
A choice of a contact form on a contact manifold (B, ξ) identifies contact
vector fields with smooth functions.
Proposition 3.3. Let (B, ξ = kerα) be a contact manifold. The linear map from
contact vector fields to smooth functions given by X 7→ fX := α(X) is one-to-one
and onto.
Proof. Note that the Reeb vector field Yα corresponds to the function 1. For any
vector field X on B the vector field X − α(X)Yα is in the kernel of α, which is
the contact distribution ξ. Since dα|ξ is non-degenerate, X − α(X)Yα is uniquely
determined by ι(X − α(X)Yα)(dα|ξ).
For any section v of ξ → B and any vector field X we have
0 = LX0 = LX(α(v)) = (LXα)(v) + α([X, v]).
13
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Assume now that X is contact. Then α([X, v]) = 0. Therefore, by Cartan’s formula
0 = (dι(X)α + ι(X)dα)(v).
Hence for any section v of ξ, dα(X, v) = −d(α(X))(v) = −dfX(v). And, of course,
dα(X, v) = dα(X − fXYα, v) for all v. We conclude that
ι(X − α(X)Yα)(dα|ξ) = −dfX |ξ (3.1)
for any contact vector field X . Thus if X is contact, its component in the direction
of the Reeb vector field is fXYα and its component in the direction of the contact
distribution is uniquely determined by (3.1).
Conversely, given a function f on B there is a unique section X ′f of ξ such
that
ι(X ′f )dα|ξ = −df |ξ. (3.2)
The vector field Xf := X
′
f + fYα is a contact vector field with α(Xf ) = f .
Exercise 3.4. Given a function f on a manifold B with contact form α check that
the vector field Xf := X
′
f + fYα, where X
′
f is defined by (3.2), is contact. That is,
show that LXfα = hα for some function h (cf. Exercise 3.2).
Suppose now that a Lie group G acts on a manifold B preserving a contact
1-form α. Then for any vector A in the Lie algebra g of G, the induced vector field
AB
1 satisfies LABα = 0 and, in particular, is contact. Since the contact form α
defines a 1-1 correspondence between contact vector fields and functions, it makes
sense to define the α-moment map Ψα : B → g∗ by
〈Ψα(b), A〉 = αb(AB(b)) (3.3)
for all b ∈ B and all A ∈ g. Note that by Exercise 2.7 the α-moment map Ψα is
G-equivariant.
The α-moment map, as the name suggests, depends rather strongly on α: if f
is any positive G-invariant function on B, then fα is another G invariant contact
form and clearly
Ψfα = fΨα.
In particular, unlike in the symplectic case, the image of a moment map is not an
invariant of the action and of the contact structure. However the moment cone
C(Ψα) defined by
C(Ψα) = {tη ∈ g∗ | η ∈ Ψα(B), t ∈ [0,∞)}
is an invariant of the action of G on (B, ξ = kerα).
1 Recall that the vector field AB is defined by AB(b) =
d
dt
∣∣∣
t=0
exp(tA) · b.
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Remark 3.5. Suppose a Lie group G acts on a manifold B preserving a contact
form α. The action of G lifts to an action on the cotangent bundle T ∗B which
preserves the annihilator ξ◦ of the contact structure ξ = kerα. Moreover, the action
preserves the component ξ◦+ of ξ r 0 which contains the image of α : B → T ∗B.
The action of G on T ∗B is Hamiltonian with a natural moment map Φ :
T ∗B → g∗ given by
〈Φ(b, p), A〉 = 〈p,AB(b)〉
for all b ∈ B, p ∈ T ∗b B, A ∈ g. Since the submanifold ξ◦+ is a G-invariant symplectic
submanifold of T ∗B the restriction Ψ := Φ|ξ◦
+
is a moment map for the action of
G on ξ◦+. It is not hard to check that
Ψα = Ψ ◦ α.
For this and other reasons it makes sense to think of Ψ : ξ◦+ → g∗ as the moment
map for the action of G on (B, ξ).2 Note also that C(Ψα) = Ψ(ξ
◦
+) ∪ {0}. We will
thus denote the moment cone C(Ψα) by C(Ψ).
Consequently and by analogy with symplectic toric manifolds we will think
of contact toric G-manifolds as triples (B, ξ = kerα,Ψ : ξ◦+ → g∗).
2Note that since Φ is G-equivariant and α : B → T ∗B is G-equivariant, Ψα is G-equivariant
as well. This gives us an alternative proof that the α-moment map is equivariant.
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Chapter 4
Contact toric manifolds
The rest of the lecture notes will be devoted to a proof of Theorem 2.31. Right
from the beginning the proof will bifurcate into two cases: the contact manifold B
is 3-dimensional and dimB > 3. If dimB = 3 we will argue directly using slices
that the orbit space B/G is homeomorphic to a closed interval [0, 1] and then use
this to compute the integral cohomology of B. This will show that B cannot be
homeomorphic to S∗T2 = T3.
We will then consider the case where dimB > 3. In this case we have a
connectedness and convexity theorem of Banyaga and Molino (see [BM1, BM2];
for a different proof see [L2]):
Theorem 4.1. Let (B, ξ = kerα,Ψ : ξ◦+ → g∗) be a compact connected contact
toric G-manifold. Suppose dimB > 3. Then the fibers of the moment map Ψ are
G-orbits (and in particular are connected) and the moment cone C(Ψ) is a convex
polyhedral cone in g∗. Moreover C(Ψ) 6= g∗ iff the action of G is not free.
Our proof will then bifurcate again. We will consider separately the case
where the moment cone contains a linear subspace of dimension k, 0 < k < dimG
and where no such subspace exists (i.e., the moment cone is proper).
In the first case we will use a uniqueness theorem of Boucetta and Molino
[BoM]1 for symplectic toric manifolds to argue that the symplectization B ×R of
B is diffeomorphic to the manifold N = Tk × (Rk ×Clr {(0, 0)}) where 2l+2k =
dimB + 1 and k, l > 0. It is easy to see that N cannot be homotopy equivalent
T ∗Tn r 0, n = k + l.
In the latter case we will argue following Boyer and Galicki [BG] that there
is a locally free2 S1 action on B such that the quotient B/S1 is a (compact
connected) symplectic toric orbifold. Since the action of S1 is locally free there is
1The result was rediscovered a few years later by Lerman, Tolman and Woodward (Lemma 7.2
and Proposition 7.3 in [LT]).
2An action of a Lie group G on a manifold Z is locally free if all the isotropy groups are zero
dimensional.
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a long exact sequence of rational cohomology groups (the Gysin sequence) tying
together the cohomology of B and of B/S1.On the other hand Morse theory on
the orbifold B/S1 shows that all odd-dimensional rational cohomology of B/S1
vanishes. Together these two facts will imply that dimQH
1(B,Q) ≤ 1 . Thus B
cannot be S∗Tn = Tn × Sn−1, n = 12 (dimB + 1) > 2. This completes the preview
of our proof of Theorem 2.31.
4.1 Homogeneous vector bundles and slices
Suppose that G is a Lie group, H ⊂ G a closed subgroup and suppose we have a
representation of H on a vector space W . Then H acts on the product G×W by
h · (g, w) = (gh−1, g · w) for h ∈ H , (g, w) ∈ G ×W . The quotient G ×H W :=
(G ×W )/H is a vector bundle over G/H with typical fiber W . We denote the
image of (g, w) ∈ G×W in G×HW by [g, w]. Note that the action of G on G×W
given by a · (g, w) = (ag, w) commutes with the action of H and hence descends
to an action G on G ×H W : a · [g, w] = [ag, w]. The projection G×H W → G/H
is G-equivariant and the action of G on the base G/H is transitive. This makes
G×H W → G/H into a homogeneous vector bundle.
Conversely if π : E → G/H is a vector bundle with an action of G by vector
bundle maps making π equivariant, then E is isomorphic to G×H W where W is
the fiber of E above the identity coset 1H .3 Indeed the map
G×W → E, (g, w) 7→ g · w
is onto and is constant along the orbits of H . It descends to a vector bundle
isomorphism
G×H W → E, [g, w] 7→ g · w.
Next suppose a compact Lie group G acts on a manifold M . Consider an
orbit G · x ⊂ M . The group G acts on the normal bundle of the orbit ν(G · x) =
TM |G·x/T (G · x) making the projection π : ν(G · x) → (G · x) equivariant. Thus
ν(G · x) = G×H W where W = TxM/Tx(G · x).
If we choose a G-invariant Riemannian metric on M 4 we can identify ν(G ·
x) with the perpendicular of T (G · x) in TM |G·x. Furthermore, the Riemannian
exponential map exp : ν(G · x) → M is G-equivariant. Hence, by the Tubular
Neighborhood theorem we get:
Lemma 4.2. Let G be a compact connected Lie group acting on a manifold M and
let x ∈M be a point. A neighborhood of G·x in M is G-equivariantly diffeomorphic
to a neighborhood of the zero section of the homogeneous vector bundle G×Gx W
where Gx denotes the isotropy group of x and W = TxM/Tx(G · x).
3Why is there a representation of H on W ?
4Choose any metric on M and then average it over the group G (cf. proof of Lemma 2.29).
4.1. HOMOGENEOUS VECTOR BUNDLES AND SLICES 19
Definition 4.3. Let G be a Lie group acting on a manifold M ; let x ∈ M be a
point. Denote the isotropy group of x by Gx. An embedded submanifold S ⊂ M
is a slice through x for the action of G on M if x ∈ S, S is Gx-invariant and
if the map G × S → M given by (g, s) 7→ g · s descends to an open embedding
G×Gx S →M , [g, s] 7→ g · s.
Thus by Lemma 4.2 slices exist for actions of compact Lie groups: we may
choose as a slice at x the image of a small Gx-invariant neighborhood of 0 in
W = TxM/Tx(G · x) under the exponential map.
Here is a typical application of the existence of slices. Locally near x the
quotient M/G is homeomorphic to the quotient (G ×Gx W )/G = W/Gx. Hence
quotients of manifolds by actions of compact Lie groups are modeled on quotients
of vector spaces by linear actions of compact Lie groups. The linear action of Gx
on W = TxM/Tx(G · x) is called the slice representation at x.
Here is another application of the above construction:
Lemma 4.4. Suppose G is a compact abelian group acting effectively on a con-
nected manifold M . Then every slice representation is faithful, i.e., no slice rep-
resentation has a kernel.
Proof. Suppose the slice representation of H = Gx on W = TxM/Tx(G · x) is not
faithful at a point x ∈M . By Lemma 4.2 it is no loss of generality to assume that a
neighborhood of G ·x in M is the homogeneous vector bundle G×HW → G/H =
G · x and that the point x is [1, 0] ∈ G ×H W . If there is an element a ∈ H such
that a 6= 1 and yet a · w = w for all w ∈ W , then a · [g, w] = [ag, w] = [ga, w] =
[g, a ·w] = [g, w] for all [g, w] ∈ G×H W (ag = ga since G is abelian). Thus a ∈ H
fixes an open neighborhood of x. Since the set fixed by a is closed and since M
is connected it follows that a fixes all of M . This contradicts the assumption that
the action of G on M is effective.
Remark 4.5. The compactness of the Lie groupG is not necessary for the existence
of slices. According to Palais [P] it is only necessary that its action on a manifold
M be proper (see Definition 2.2 above).
Thus if an action of a Lie group G on a manifold M is free and proper, then
the existence of slices tell us that a neighborhood of every orbit is equivariantly
diffeomorphic to a product ofGwith somemanifold S. It is not hard to deduce from
this that the orbit space M/G is a manifold and that the orbit map M → M/G
makes M into a principal G-bundle.
We now recall a few properties of tori, which for us are compact abelian Lie
groups. If G is a torus, then the (Lie group) exponential map exp : g → G is a
covering map. The kernel ZG of exp is called the integral lattice. Clearly G =
g/ZG. The group ZG is isomorphic to the fundamental group of G. Also it has the
property that for any X ∈ ZG the corresponding 1-parameter subgroup {exp tX |
t ∈ R} is a circle. The dual lattice Z∗G = HomZ(ZG,Z) ∼= {ℓ ∈ g∗ | ℓ(ZG) ⊂ Z} is
the weight lattice. It parameterizes 1-dimension complex representations of G, or,
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equivalently, group homomorphisms (characters) χ : G→ S1: Given ν ∈ Z∗G the
corresponding character χν : G = g/ZG → S1 is defined by χν(expX) = e2πiν(X)
for all X ∈ g. Given a character χ : G→ S1, its differential dχ1 at 1 is a weight.
Recall that a complex representation of a compact abelian group is a direct
sum of one-dimensional complex representations. Thus a complex representation
of a torus is completely characterized by a finite set of weights. The same is true
for symplectic representations of tori — one defines weights with respect to some
complex structure compatible with the symplectic form. The weights do not de-
pend on the choice of the complex structure; they only depend on the symplectic
form.
The Lemma below is a key representation-theoretic fact in the classification
of symplectic and contact toric manifolds.
Lemma 4.6. Suppose ρ : H → Sp(V, ω) is a symplectic representation of a com-
pact abelian Lie group H on a symplectic vector space (V, ω). Suppose that ρ is
faithful, i.e., ker ρ = {1}.
Then dimH ≤ 12 dimV . If H = 12 dimV , then H is connected. Moreover, the
set of weights for the representation of H on (V, ω) is a basis of the weight lattice
Z∗H of H.
Proof. Since H is compact there exists an H-invariant complex structure J on V
compatible with ω (i.e., ω(J ·, J ·) = ω(·, ·) and for any v 6= 0 we have ω(Jv, v) > 0).
The choice of J identifies (V, ω) with Cn with the standard symplectic struc-
ture
√−1∑ dzj ∧ dz¯j , n = 12 dimR V . This, in turn, gives us a representation of
H on Cn by unitary matrices. Thus we may assume that ρ is an injective group
homomorphism ρ : H → U(n).
The connected component H◦ of H is a torus. Therefore ρ(H◦) is contained
in a maximal torus of U(n) which is the n-torus. Since ρ has no kernel we have
dimH = dimH◦ = dim ρ(H◦) ≤ n = 12 dimV .
Now suppose dimH = n. Since all maximal tori in U(n) are conjugate, we
may assume that ρ(H◦) is the standard maximal torus, that is ρ(H◦) is the set
of all diagonal unitary matrices. Since the only unitary matrices which commute
with all the diagonal matrices are the diagonal matrices, we see that we must have
ρ(H) = ρ(H◦). Consequently since ρ is faithful, H = H◦, i.e., H is a torus.
Finally the set of weights of the maximal torus Tn in U(n) for its represen-
tation on Cn is a lattice basis of weight lattice Z∗Tn . Hence the set of weights for
the representation of H on (V, ω) is a basis of the weight lattice Z∗H of H .
Lemma 4.7. Let (B, ξ = kerα) be a contact toric G-manifold. Then
1. No G-orbit is tangent to the contact structure ξ. In particular there are no
fixed points. Hence the α-moment map Ψα does not vanish at any point for
any G-invariant contact form α. Equivalently Ψ(ξ◦+) does not contain the
origin in g∗.
2. All isotropy groups are connected.
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Proof. Let b be a point in B and let H denote its isotropy group. The groupH acts
on the tangent space TbB. Since the contact form α is G-invariant, its kernel at b,
the hyperplane ξb, is an H-invariant subspace of TbB. Since the Reeb vector field
Yα of α is unique, the vector Yα(b) is fixed by H . Thus we have an H -equivariant
splitting
TbB = RYα(b)⊕ ξb.
Let V = Tb(G · b) ∩ ξb. It is an H-invariant subspace of ξb. Note that since
dim ξb = dimB− 1 we either have V = Tb(G · b) or dimV = dimG · b− 1. We will
argue that the former case cannot occur. But first we argue that V is an isotropic
subspace of the symplectic vector space (ξb, ω = dαb|ξb).
Let x, z ∈ V be two vectors. There exist vectorsX,Z ∈ g such thatXB(b) = x
and ZB(b) = z. Then ω(x, z) = dαb(XB(b), ZB(b)). Since G is abelian [ZB, XB] =
0. The function α(XB) is G-invariant, hence ZB(α(XB)) = 0. Therefore
ω(x, y) = dα(XB , ZB) = XB(α(ZB))− ZB(α(XB))− dα([XB , ZB]) = 0− 0 + 0.
This proves that V is isotropic.
Since H is compact, there is an H-invariant complex structure J on ξb com-
patible with ω. Since V is isotropic, V ∩ JV = 0 and V + JV = V ⊕ JV is a
symplectic subspace of (ξb, ω). It is H-invariant. In fact, since G is abelian, the
action of H on Tb(G · b) is trivial. Hence the action of H on V ⊕ JV is trivial as
well. Let W denote the symplectic perpendicular to V ⊕ JV . We get a symplectic
representation of H on W .
We now argue that if Tb(G · b) ⊂ ξb then dimW is less than 2 dimH and
that the representation of H on W must be faithful. This by Lemma 4.6 would
give us a contradiction. We would then conclude that dimW = 2dimH , which by
Lemma 4.6 implies that H is connected.
Suppose now that Tb(G · b) ⊂ ξb. Then dimV = dimG · b. Since B is toric,
dimB = 2dimG− 1. Since
TbB = RYα(b)⊕ V ⊕ JV ⊕W (4.1)
dimW = (2 dimG−1)−1−2 dimG·b = 2dimG−2(dimG−dimH) = 2 dimH−2.
Since (4.1) is a splitting as H-representations, the slice representation of H at b
is RYα(b) ⊕ JV ⊕W . As we observed earlier the action of H on RYα(b) ⊕ JV is
trivial. Since the action of G on B is effective, the representation of H on W must
be faithful. Contradiction.
Therefore Tb(G · b) 6⊂ ξb and so dimV = dimG · b − 1. In this case the
dimension count gives us exactly that dimW = 2dimH .
Lemma 4.8. Let H ⊂ T2 be a closed subgroup isomorphic to S1. Then there is
another closed subgroup K ⊂ T2 isomorphic to S1 such that T2 = K ×H.
Proof. Since H is isomorphic to S1 it is of the form {exp tν | t ∈ R} for some
vector ν = (n1,m1) ∈ Z2 = ker{exp : R2 → T2}. We may assume that n1 and
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m1 are relatively prime. Therefore there exist integers n2,m2 such that n1m2 −
m1n2 = 1. Hence the vectors (n1,m1) and (n2,m2) form a basis of Z
2. Take
K = {exp t(n2,m2) | t ∈ R}.
Remark 4.9. More generally if G is a torus and H ⊂ G is a closed connected
subgroup there is another closed connected subgroup K ⊂ G so that G = K ×H .
This is a bit harder to prove than the Lemma above.
Chapter 5
Proof of Theorem 2.31 part
I: the 3-dimensional case
In this section we prove Theorem 2.31 in the case that dimB = 3:
Lemma 5.1. Let B be a compact connected contact toric G = T2 manifold (in
particular dimB = 3). Suppose the action of G is not free. Then there exist two
closed subgroups K1,K2 ⊂ G isomorphic to S1 so that B is homeomorphic to
([0, 1] × G)/ ∼ where (0, g) ∼ (0, ag) for all g ∈ G, a ∈ K1 and (1, g) ∼ (1, ag)
for all g ∈ G and a ∈ K2. In other words B is obtained from the manifold with
boundary [0, 1]×G by collapsing circles in the two components of the boundary by
the respective actions of two circle subgroups. (It may happen that K1 = K2).
Exercise 5.2. Consider the standard sphere S3 = {(z1, z2) ∈ C2 | |z1|2+|z2|2 = 1}.
The torus G = {(λ1, λ2) ∈ C2 | |λ1|2 = 1, |λ2|2 = 1} acts on S3 by (λ1, λ2) ·
(z1, z2) = (λ1z1, λ2z2). Show that S
3 is of the form ([0, 1] × G)/ ∼ for two circle
subgroups K1, K2 of G where ∼ is the equivalence relation in Lemma 5.1. What
are the subgroups K1, K2?
Proof of Lemma 5.1. By Lemma 4.7 all isotropy groups for the action of G on
B are connected and no isotropy group is all of G. Therefore, since dimG = 2
the possible isotropy groups are trivial or circles. And points with circle isotropy
groups must exist since the action is not free.
If the isotropy group of a point b ∈ B is trivial then by Lemma 4.2 and the
dimension count a G-invariant neighborhood U of G is equivariantly diffeomorphic
to G×I where I is an open interval and G acts on G×I by g ·(a, t) = (ga, t). Hence
U/G = I and there is a map s : U/G→ B so that π ◦ s = id where π : B → B/G
is the orbit map, i.e., π has a local section.
Now consider a point b ∈ B with the isotropy group Gb isomorphic to S1.1
By Lemma 4.2 a neighborhood of b in B is G-equivariantly diffeomorphic to a
1By Lemma 4.7 there are no more possibilities for Gb.
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neighborhood of the zero section in G ×Gb W . By Lemma 4.8 there is a circle
L ⊂ G such that G = Gb × L. Note that G · b ≃ L and that dimW = 2 and
that by Lemma 4.4 the representation of Gb on W is faithful. There is only one
faithful real 2-dimensional representation of S1 — it is the representation of S1
on R2 as SO(2) or, equivalently, the representation of S1 on C as U(1). Since
G = L×Gb, G×Gb W = L×W , where L×Gb acts on L×W by (λ, µ) · (g, w) =
(λg, µ ·w). We conclude that there is a G-invariant neighborhood U of G · b in M ,
an isomorphism ϕ : G → S1 × S1 and a diffeomorphism ψ : U → S1 × D2 such
that ψ(g · x) = ϕ(g) · ψ(x) for all g ∈ G, x ∈ U . Here (λ, µ) ∈ S1 × S1 ⊂ C × C
acts on S1 ×D2 ⊂ C× C by
(λ, µ) · (z1, z2) = (λz1, µz2).
Note that S1 × D2 = (T2 × [0, 1))/ ∼ where (λ1, λ2, 0) ∼ (λ1, µλ2, 0) for all
(λ1, λ2) ∈ T2 and µ ∈ S1. We conclude that
1. U/G ≃ [0, 1);
2. U ≃ (G× [0, 1))/ ∼ where (g, 0) ∼ (ag, 0) for all g ∈ G, a ∈ Gb;
3. there is a local section s : U/G→ B of the orbit map π : B → B/G;
4. the set of points in U with non-trivial isotropy groups is G · b = π−1(0),
where again π : U → [0, 1) denotes the orbit map.
It follows that the orbit space B/G is locally homeomorphic to either an
open interval or to a half-open interval [0, 1). Hence B/G is a topological 1-
dimensional manifold with boundary. Since B/G is compact and connected we
may identify it with [0, 1]. Note that the set of points with non-trivial isotropy
groups is π−1({0, 1}), where by abuse of notation π : B → [0, 1] denotes the orbit
map. More specifically π−1(0) = G/K1, π
−1(1) = G/K2 for some circle subgroups
K1,K2 ⊂ G.
We now argue that π : B → [0, 1] has a global section s : [0, 1]→ B, so that
π ◦ s(t) = t for all t ∈ [0, 1]. We have seen that sections of π exist locally: for every
t ∈ [0, 1] there is an interval I ⊂ [0, 1] open in [0, 1] and containing t and a map
s : I → B so that π ◦ s = idI . We want to patch these local sections into a global
section.
Since [0, 1] is compact, we can cover it by finitely many intervals Ij so that
on each Ij there is a section sj : Ij → B. Let us now assume for simplicity that
there are only two intervals: I0 = [0, 2/3) and I1 = (1/3, 1]. The case of more than
two intervals will be left as an exercise to the reader. Thus we have two sections
s0 : [0, 2/3)→ B and s1 : (1/3, 1]→ B. Since G acts freely on π−1((0, 1)) the map
ϕ : (1/3, 2/3)×G→ π−1((1/3, 2/3)) given by ϕ(t, g) = g · s0(t) is a G-equivariant
diffeomorphism (where G acts on the product (1/3, 2/3)×G by multiplication on
the second factor). We have ϕ−1 ◦ s0(t) = (t, 1) and ϕ−1 ◦ st(t) = (t, g(t)) for
some curve g : (1/3, 2/3)→ G. Since (1/3, 2/3) is simply connected we may lift g
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to a curve γ(t) the universal cover exp : g → G of G. Choose a smooth function
ρ : (1/3, 2/3) → [0, 1] with ρ(t) ≡ 0 for t near 1/3 and ρ(t) ≡ 1 for t near 2/3.
Now consider the curve a : (1/3, 2/3)→ G given by a(t) = exp(ρ(t)γ(t)). The map
s2(t) = ϕ(t, a(t)) is a local section of π : B → [0, 1] which agrees with s0 near 1/3
and with s1 near 2/3. Thus we can define a global section s : [0, 1]→ B by
s(t) =


s0(t) t ∈ [0, 1/3],
s2(t) t ∈ [1/3, 2/3],
s3(t) t ∈ [1/3, 0].
Now that we have a global section of π : B → [0, 1] we can define a continuous map
f˜ : [0, 1] × G → B, f˜(t, g) = g · s(t). The map is onto; it descends to a bijective
continuous map f : ([0, 1] × G)/ ∼→ B where ∼ is the equivalence relation in
the statement of the Lemma. Since ([0, 1] × G)/ ∼ is compact, the map f is a
homeomorphism.
Exercise 5.3. Show that if the groups K1 and K2 in the statement of the Lemma
are the same, then B is S1 × S2.
Exercise 5.4. (This exercise is considerably harder than the one above.) Show that
if the groups K1 and K2 are different, then B is the quotient of S
3 by a finite cyclic
group.
Lemma 5.5. Let G = T2 and let K1,K2 ⊂ G be two closed subgroups isomorphic
to S1. Let B be the topological space ([0, 1]× G)/ ∼ where (0, g) ∼ (0, ag) for all
g ∈ G, a ∈ K1 and (1, g) ∼ (1, ag) for all g ∈ G and a ∈ K2. In other words B
is obtained from the manifold with boundary [0, 1]×G by collapsing circles in the
two components of the boundary by the respective actions of two circle subgroups.
Then either H1(B,Z) = Z = H2(B,Z) or H1(B,Z) = 0 and H2(B,Z) is a
finite group. In particular, B cannot be homeomorphic to the 3-torus T3.
Proof. Recall that H1(G,Z) is isomorphic to the weight lattice Z∗G and that the
isomorphism is given as follows: A weight ν ∈ Z∗G defines a character χν : G→ S1
by χν(exp(X)) = e
2πiν(X); the class χ∗ν [dθ] is the element in H
1(G,Z) correspond-
ing to ν. Here dθ is the obvious 1-form on S1.
Consequently if G = T2 and Kj ⊂ G is a circle subgroup, then πj : G →
G/Kj ≃ S1 is a character and hence the weight νj = (dπj)1 defines an element of
H1(G,Z). Thus if we identify H1(G/Kj ,Z) with Z and H
1(G,Z) with Z∗G, then
the map H1(G/Kj ,Z)→ H1(G,Z) becomes the map Z ∋ n 7→ nνj ∈ Z∗G.
The sets U = ([0, 2/3) × G)/ ∼ and V = ((1/3, 1] × G)/ ∼ are two open
subsets of B. We have B = U ∪V , U ∩V = (1/3, 2/3)×G is homotopy equivalent
to G, U is homotopy equivalent to G/K1, V is homotopy equivalent to G/K2
and the inclusion maps U ∩ V →֒ U , U ∩ V →֒ V are homotopy equivalent to
projections π1 : G→ G/K1, π2 : G→ G/K2 respectively. Hence under the above
identifications of H1(U) and H1(V ) with Z, the inclusions U ∩V → U , U ∩V → V
induce the maps Z ∋ n 7→ nνj ∈ Z∗G, j = 1, 2, respectively.
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We now apply the Mayer-Vietoris sequence to compute the integral coho-
mology of B. We have: 0 → H0(B) → H0(U) ⊕ H0(V ) → H0(G) δ→ H1(B) →
H1(U)⊕H1(V )→ H1(G) δ→ H2(B)→ H2(U)⊕H2(V )→ H2(G) δ→ H3(B)→ 0.
Clearly the map H0(U)⊕H0(V )→ H0(G) is onto. Given the identifications above
the map ϕ : H1(U)⊕H1(V )→ H1(G) becomes Z⊕Z ∋ (n,m) 7→ nν1+mν2 ∈ Z∗G.
We therefore have 0 → H1(B) → Z ⊕ Z ϕ→ Z∗G δ→ H2(B) → 0 ⊕ 0 → H2(G) δ→
H3(B)→ 0. We conclude that
• H2(B) = Z∗G/(Zν1 + Zν2)
• H1(B) = {(n,m) ∈ Z2 | nν1 +mν2 = 0}.
Since ν1, ν2 are differentials of projections onto quotients by circle subgroups, either
ν1 and ν2 are independent over Z or ν1 = ±ν2. In the first case H1(B) = 0 and
H2(B) is a finite abelian group. In the second case H1(B) = Z and H2(B) =
Z∗G/Zν1 = Z.
This finishes the proof of Theorem 2.31 in the case that dimB = 3.
Chapter 6
Proof of Theorem 2.31, part
II: uniqueness of symplectic
toric manifolds
In this section we sketch a proof of
Theorem 6.1. Let (B, ξ = kerα,Ψ : ξ◦+ → g∗) be a compact connected contact
toric G-manifold.
Suppose the dimension k of the maximal linear subspace of the moment cone
C(Ψ) = Ψ(ξ◦+) ∪ {0} satisfies 0 < k < dimG. Then B is homotopy equivalent to
the product of a k-torus with a sphere. In particular B is not the co-sphere bundle
of the n-torus, n = 12 (dimB + 1) = dimG.
The main idea of the proof is simple. We will first argue that there is an
action of G on the symplectic manifold
M = T ∗Tk × Cl r 0 = {(q, p, z) ∈ Tk × (Rk)∗ × Cl = T ∗Tk × Cl | (p, z) 6= (0, 0)},
l = 12 (dimB + 1− k) > 0, with moment map Φ˜ : M → g∗ such that
Φ˜(M) = Ψ(ξ◦+). (6.1)
We then argue that (6.1) implies that M is G-equivariantly symplectomorphic to
ξ◦+. Note that M is homotopy equivalent to T
k × Sk+2l−1.
We start with the definition of a symplectic slice representation (c.f. proof of
Lemma 4.7), which is essential for understanding the local structure of symplectic
toric manifolds.
Definition 6.2. Let (M,ω) be a symplectic manifold with a Hamiltonian action
of a torus G. Then an orbit G · m is an isotropic submanifold of (M,ω).1 The
1For a proof of this easy fact see, for example, [GS].
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symplectic slice representation atm is the representation of the isotropy group
Gm ofm on the symplectic vector space V := Tm(G·m)ω/Tm(G·m). Here, as usual,
Tm(G ·m)ω denotes the symplectic perpendicular to Tm(G ·m) in the symplectic
vector space (TmM,ωm).
The equivariant isotropic embedding theorem (see for example [GS], The-
orem 39.1) asserts that a neighborhood of an orbit G · m is determined (up to
equivariant symplectomorphisms) by the symplectic slice representation at m. In
fact, the topological normal bundle of the orbit G · m in M is G ×H (g/h × V )
where H is the isotropy group of m and h is its Lie algebra (op. cit.).
Remark 6.3. In the case of symplectic toric manifolds the dimension of the sym-
plectic slice V at m is twice the dimension of the isotropy group Gm. Hence by
Lemma 4.6 the group Gm is connected and the representation of Gm on V is de-
termined by a set of weights {νi} which forms a basis of the weight lattice of Gm.
Note that the image of V under the moment map ΦV : V → g∗m defined by the
representation is the cone
ΦV (V ) = {
∑
aiνi | ai ≥ 0}.
In particular the edges of the cone are spanned by the weights. Alternatively, the
isotropy group Gm is isomorphic to T
l for some l and the slice representation
ρ : Gm → Sp(V ) is isomorphic to the standard representation of Tl on Cl.2
With a little more work one can prove the following two propositions (their
proofs can be found, for example, in [D]).
Proposition 6.4. Let (M,ω,Φ : M → g∗) be a symplectic toric manifold, m ∈
M a point and U a neighborhood of G · m in M . Then for a sufficiently small
ball O about η = Φ(m) in g∗ the set Φ(U) ∩ O determines the symplectic slice
representation at m and hence a small G-invariant neighborhood of G ·m in M .
Proposition 6.5. Let (M,ω,Φ :M → g∗) be a symplectic toric manifold, m ∈M
a point, η = Φ(m) and Gm the isotropy group of m. Identify Gm with the standard
torus Td, d = dimGm, and extend it to an identification of G with T
d × Tc, 3
c = dimG− dimGm.
A G-invariant neighborhood U of G ·m in M is equivariantly symplectomor-
phic to a neighborhood of Tc × {(0, 0)} in T ∗Tc × Cd ≃ Tc × (Rc)∗ × Cd. Hence
{t(µ− η) + η | t ≥ 0, µ ∈ Φ(U)} = Φ˜(T ∗Tc × Cd),
where Φ˜ : T ∗Tc × Cd → (Rc)∗ × (Rd)∗ ≃ g∗ is the moment map for the “obvious”
action of G = Tc × Td on T ∗Tc × Cd.4
2 The standard representation of Tl = {(λ1, . . . , λl) ∈ C
l | |λj | = 1} on Cl is given by
(λ1, . . . , λl) · (z1, . . . , zl) = (λ1z1, . . . , λlzl).
3Here we use Remark 4.9.
4The “obvious” action of Tc on T ∗Tc is the lift of left multiplication.
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Corollary 6.6. Let (B, ξ = kerα,Ψ : ξ◦+) be a compact connected contact toric G-
manifold. Suppose the dimension k of the maximal linear subspace of the moment
cone C(Ψ) = Ψ(ξ◦+) ∪ {0} satisfies 0 < k < dimG.
Then there is an identification of G with Tk × Tl, l = dimG− k, so that
Ψ(ξ◦+) ∪ {0} = Φ˜(T ∗Tk × Cl)
where Φ˜ : T ∗Tk × Cl → (Rk)∗ × (Rl)∗ ≃ g∗ is the moment map for the obvious
action of Tk × Tl on T ∗Tk × Cl.
Proof. If C is a cone in g∗ whose maximal linear subspace is P and if U is a
neighborhood in g∗ of a point η ∈ P then C equals the cone on U ∩ C with the
vertex at η:
C = {t(µ− η) + η | t ≥ 0, µ ∈ U ∩ C}.
Since theB is contact toric Ψ(ξ◦+) does not contain the origin (c.f. Lemma 4.7).
Since B is compact and Ψ : ξ◦+ → g∗ is homogeneous, Ψ : ξ◦+ → g∗r {0} is proper.
Hence for any η ∈ Ψ(ξ◦+) and any neighborhood U of Ψ−1(η), Ψ(U) is a neighbor-
hood of η in Ψ(ξ◦+).
Moreover, since the fibers of Ψ are G-orbits (by Theorem 4.1), for any neigh-
borhood U of an orbit G ·m the set Ψ(U) is a neighborhood of η = Ψ(m) in Ψ(ξ◦+).
In particular it contains a set of the form O ∩Ψ(ξ◦+) where O ⊂ g∗ is a small ball
about η.
Let P ⊂ C(Ψ) be the maximal linear subspace and let 0 6= η ∈ P . Then, as
noted at the beginning of the proof, for any ball O ⊂ g∗ about η we have
C(Ψ) =
{
t(µ− η) + η | t ≥ 0, µ ∈ O ∩Ψ(ξ◦+)
}
= {t(µ− η) + η | t ≥ 0, µ ∈ Ψ(U)} .
On the other hand, it follows from Proposition 6.5 that
{t(µ− η) + η | t ≥ 0, µ ∈ Ψ(U)} = Φ˜(T ∗Tc × Cd) ≃ Rc × (R≥0)d
for some integers c and d. It follows that c = k, d = dimG− k = l and that
C(Ψ) = Φ˜(T ∗Tk × Cl).
Note that since Φ˜−1(0) = Tk × {(0, 0)}, we get
Ψ(ξ◦+) = Φ˜(M),
where M = (T ∗Tk × Cl)r (Tk × {(0, 0)}).
Definition 6.7. A symplectic toric G-manifold (M,ω,Φ : M → g∗) is good (for
the purposes of these lectures) if
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1. the fibers of Φ :M → g∗ are connected,
2. the set Φ(M) is contractible and
3. there is an open set U ⊂ g∗ such that Φ(M) ⊂ U and the map Φ : M → U
is proper.
The definition is designed in such a way that it includes compact symplectic
toric manifolds, symplectizations of compact contact toric manifolds of dimension
bigger than 3 and the manifolds of the form M = (T ∗Tk × Cl) r (Tk × {(0, 0)}),
0 < k, l. As a consequence of the definition and of Proposition 6.4 we have
Lemma 6.8. Let (M,ω,Φ :M → g∗) be a good symplectic toric manifold. For any
point η ∈ Φ(M) and any sufficiently small ball O centered at η, the set O∩Φ(M)
determines the symplectic toric manifold (Φ−1(O), ω|Φ−1(O),Φ|Φ−1(O)) (up to a
G-equivariant symplectomorphism).
Definition 6.9. Two symplectic toric G-manifolds (M,ω,Φ : M → g∗) and
(M ′, ω′,Φ′ :M ′ → g∗) are isomorphic if there is a G-equivariant diffeomorphism
σ : M →M ′ such that σ∗ω′ = ω and σ∗Φ′ = Φ.
We denote by Iso(M,ω,Φ) = Iso(M) the group of isomorphisms of a sym-
plectic toric manifold (M,ω,Φ).
Note that the last condition on σ is almost redundant — if σ is symplectic
and G-equivariant then σ∗Φ′ = Φ+ c for some constant vector c ∈ g∗. We impose
the last condition for technical convenience.
Definition 6.10. Two symplectic toric G-manifolds (M,ω,Φ : M → g∗) and
(M ′, ω′,Φ′ :M ′ → g∗) are locally isomorphic over a set ∆ ⊂ g∗ if
1. Φ(M) = ∆ = Φ′(M ′) and
2. for any η ∈ ∆ and any sufficiently small ball O ⊂ g∗ centered at η the sym-
plectic toric manifolds (Φ−1(O), ω|Φ−1(O),Φ|Φ−1(O)) and ((Φ′)−1(O), ω′|(Φ′)−1(O),Φ′|(Φ′)−1(O))
are isomorphic.
Given the above definitions we see that Lemma 6.8 implies
Lemma 6.11. Suppose (M,ω,Φ) and (M ′, ω′,Φ′) are two good symplectic toric
G-manifolds with Φ(M) = Φ′(M ′). Then (M,ω,Φ) and (M ′, ω′,Φ′) are locally
isomorphic over ∆ = Φ(M).
Therefore the proof of Theorem 6.1 reduces to
Proposition 6.12. Any good symplectic toric G-manifold locally isomorphic to a
given symplectic toric G-manifold (M,ω,Φ) is actually isomorphic to (M,ω,Φ).
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The proposition could be stated for a larger class of symplectic toric man-
ifolds. We leave it to the reader to find the most general form of the statement
(and prove it). The rest of the section is occupied with a proof of the proposition.
Suppose a symplectic toric G-manifold (M ′, ω′,Φ′) is locally isomorphic to
(M,ω,Φ). Then for any η ∈ Φ(M) and for any sufficiently small ball O ⊂ g∗
about η the symplectic toric manifold Φ−1(O) is isomorphic to (Φ′)−1(O). Choose
a locally finite cover {Oi}i∈I of Φ(M) by such balls. Then for each index i we have
an isomorphism
fi : Φ
−1(Oi)→ (Φ′)−1(Oi).
Let Oij = Oi ∩ Oj . Define
gij : Φ
−1(Oij)→ Φ−1(Oij), gij = f−1i ◦ fj
(to keep the notation manageable we wrote fi for the restriction fi|Oij etc.; we
will continue to omit restrictions in the rest of the section). It is easy to see that
gii = id, gij ◦ gji = id, and gij ◦ gjk ◦ gki = id (6.2)
wherever these equations make sense.
The data {Oi}, {gij} and (M,ω,Φ) allow us to reconstruct (M ′, ω′,Φ′). In-
deed, let M˜ =
⊔
Φ−1(Oi). Define a relation ∼ on M˜ by Φ−1(Oi) ∋ xi ∼ xj ∈
Φ−1(Oj) iff xj = gij(xi). Equations (6.2) imply that ∼ is an equivalence relation. It
follows that M˜/ ∼ is a symplectic toric manifold. Moreover the map F˜ : M˜ →M ′
defined by F˜ |Φ−1(Oi) = fi descends to a well defined map F : M˜/ ∼→ M ′. The
map F is an isomorphism.
Suppose f˜i : Φ
−1(Oi) → (Φ′)−1(Oi) is another collection of isomorphisms.
Let g˜ij = (f˜i)
−1 ◦ f˜j . Clearly
gij = hi ◦ g˜ij ◦ h−1j (6.3)
where hi = f
−1
i ◦ f˜i ∈ Iso(Φ−1(Oi)).
We also get a different set of data if we choose a different cover. However, all
these sets of data define one object — a class in the first Cˇech cohomology with
coefficients in a certain sheaf. Let us now review the notions of sheaves and Cˇech
cohomology. There are many good references for this material. I will be following
[WW].
Definition 6.13. A sheaf of groups S on a topological space X is an assignment
S : {opens sets in X} → groups, U 7→ S(U)
satisfying two conditions:
1. For a pair of open sets U ⊂W in X there is a restriction map ρWU : S(W )→
S(U) such that for any three sets U ⊂W ⊂ V of X
ρWU ◦ ρVW = ρVU .
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Elements of S(U) are called sections. Given a section ϕ ∈ S(W ) we write
ϕ|U for ρWU (ϕ).
2. Given an open cover {Ui} of an open set U (so that U =
⋃
Ui) and a
collection of sections ϕi ∈ S(Ui) such that
ϕi|Ui∩Uj = ϕj |Ui∩Uj
for all indices i, j there is a unique section ϕ ∈ S(U) such that
ϕ|Ui = ϕi
for all i.
The sheaf S is abelian if S(U) is an abelian group for all open sets U .
Three examples of sheaves will be important to us. Check that they are indeed
sheaves.
Example 6.14. Let (M,ω,Φ) be a good symplectic toric G-manifold. The assign-
ment Iso : U 7→ Iso(U) (U ⊂ Φ(M) open) is a sheaf on Φ(M). The group operation
is composition.
Example 6.15 (Locally constant sheaf). Let H be a group and X a topological
space. The assignment that associates the group H to every open connected subset
of X is a sheaf, called a locally constant sheaf. It is denoted by H. Thus H(U) = H
for every connected open set U ⊂ X . The group operation is the multiplication in
H .
Example 6.16. Let (M,ω,Φ) be a good symplectic toricG-manifold. Define a sheaf
C on Φ(M) by
C(U) = C∞(Φ−1(U))G, G-invariant smooth functions on Φ−1(U).
The group operation is addition of functions.
Definition 6.17. Let S1,S2 be sheaves on a topological space X . A map of
sheaves τ : S1 → S2 is a family of group homomorphisms
τU : S1(U)→ S2(U), U ⊂ X open
compatible with the restrictions:
(ρ2)
W
U ◦ fW = fU ◦ (ρ1)WU for all pairs U ⊂W of open sets in X.
Example 6.18. Consider the sheaves Iso and C defined in Examples 6.14 and 6.16
above. A section f ∈ C(U) is a G-invariant function on Φ−1(U). Its time t flow ϕft
preserves the fibers of Φ and is a G-equivariant symplectomorphism of Φ−1(U).
Hence ϕf1 is a section of Iso(U). This gives us for each open set U ⊂ Φ(M) a
map τU : C(U)→ Iso(U), τU (f) = ϕf1 . Moreover, any two functions f1, f2 ∈ C(U)
Poisson commute [prove this]. Hence ϕf1t ◦ ϕf2t = ϕf1+f2t and therefore τU is a
group homomorphism. Thus we get a map of sheaves τ : C → Iso.
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Given a map of sheaves τ : S1 → S2 one can define the sheaves the kernel and
image sheaves ker τ and imτ : for an open set U (ker τ)(U) = ker τU , (im τ)(U) =
im τU . Hence it makes sense to say that a map of sheaves is onto and more generally
talk about exact sequences of sheaves.5
Proposition 6.19. Let (M,ω,Φ) be a good symplectic toric manifold. The map
of sheaves τ : C → Iso defined above is onto. Hence Iso is an abelian sheaf.
The kernel of τ is the locally constant sheaf R× ZG. We thus have a short
exact sequence of abelian sheaves:
0→ R× ZG → C → Iso→ 0.
The proposition is due to Boucetta and Molino [BoM]. See also [LT].
6.1 Cˇech cohomology
.
In this subsection we “review” the notion of Cˇech cohomology with coefficients in
an abelian sheaf. There are many good references, such as [WW], for the nontrivial
facts that we list below without proofs.
Let X be a topological space {Ui} an open locally finite cover of X and S
an abelian sheaf on X . A 0 Cˇech cochain is a function that assigns to each index
i an element fi of S(Ui), i.e., the group of 0-cochains C0({Ui},S) is the product∏S(Ui). A 1 Cˇech cochain assigns to an ordered pair of indices ij an element
gij of S(Uij) where Uij = Ui ∩ Uj . Moreover we require that gij = −gji (we now
think of the groups S(U) additively). More generally a p-cochain assigns to an
ordered p+1 tuple of indices i0 . . . ip an element si0...ip ∈ S(Ui0...ip) where Ui0...ip =
Ui0∩. . .∩Uip and si0...ip is skew-symmetric in the indices. The coboundary operator
δ : Cp({Ui},S)→ Cp+1({Ui},S) is defined by
(δs)i0...ip+1 =
∑
(−1)jsi0...ˆij ...ip+1
where iˆj means that the index is omitted, and where we omitted writing the
restrictions of the terms on the right hand side to Ui0...ip+1 . One proves that
δ2 = 0. The cohomology of the complex (Cp({Ui},S), δ) denoted by Hˇ∗({Ui},S)
is called the Cˇech cohomology of the cover {Ui} with coefficients in the sheaf S.
Given a refinement {Vj} of the cover {Ui} the restrictions give rise to a chain
map Cp({Ui},S)→ Cp({Vj},S), which in turn gives rise to a map in cohomology
Hˇ∗({Ui},S) → Hˇ∗({Vj},S). Taking the direct limit over all locally finite covers
we get a well-defined cohomology group
Hˇ∗(X,S) = lim
→
Hˇ∗({Ui},S),
5 Warning: the map τ : S1 → S2 being onto does not mean that τU is onto for every open set
U . See [WW] or any other good book on sheaves for more details.
34CHAPTER 6. PROOFOF THEOREM ??, PART II: UNIQUENESS OF SYMPLECTIC TORICMANIFOLDS
the Cˇech cohomology of X with coefficients in the sheaf S.
Now let (M,ω,Φ : M → g∗) be a good symplectic toric G-manifold and {Oi}
a locally finite cover of Φ(M) by sufficiently small balls. If {gij} ∈ C1({Oi}, Iso)
is a 1-cochain, then δ({g∗∗}) = 0 means that for all triples of indices ijk we have
0 = δ({g∗∗})ijk = −gjk + gik + gij ,
which is (6.2) in additive notation (where on the right hand side we omitted the
restrictions to Uijk). Similarly if {gij}, {g˜ij} ∈ C1({Oi}, Iso) are two 1-cochains
that differ by δ({h∗}) for some 0-cochain {hi} then
g˜ij − gij = −hi + hj
hence
gij = hi + g˜ij − hj ,
which is (6.3) in additive notation. Thus the discussion above shows that to ev-
ery element of Hˇ1({Oi}, Iso) there corresponds a good symplectic toric manifold
(M ′, ω′,Φ′ : M → g∗) locally isomorphic to (M,ω,Φ : M → g∗). More gener-
ally one can check that there is a one-to-one correspondence between cohomology
classes in Hˇ1(Φ(M), Iso) and isomorphism classes of good symplectic toric man-
ifolds locally isomorphic to (M,ω,Φ : M → g∗). Thus to complete the proof of
Proposition 6.12 (and thereby Theorem 6.1) it remains to show that the group
Hˇ1(Φ(M), Iso) is trivial for any good symplectic toric manifold M . For this we
use Proposition 6.19, two properties of Cˇech cohomology and a property of the
sheaf C defined in Example 6.16. The first property of Cˇech cohomology that we
need is
Theorem 6.20. A short exact sequence of abelian sheaves 0→ S1 → S2 → S3 →
0 on a space X induces a long exact sequence in Cˇech cohomology
· · · → Hˇp(X,S1)→ Hˇp(X,S2)→ Hˇp(X,S3) δ→ Hˇp+1(X,S1)→ · · ·
The second property that we will use is
Theorem 6.21. Let X be a simply connected topological space and H an abelian
group. The Cˇech cohomology Hˇ∗(X,H) of X with coefficients in the locally con-
stant sheaf H is isomorphic to the singular cohomology H∗(X,H) of X with coef-
ficients in the abelian group H.
We will use the following property of the sheaf C (cf. [LT], Proposition 7.3)
Lemma 6.22. The sheaf C defined in Example 6.16 is acyclic, that is,
Hˇq(Φ(M), C) = 0 for all q > 0.
Now putting Theorem 6.20, Lemma 6.22 and Proposition 6.19 together we
see that if (M,ω,Φ) is a good symplectic toric G-manifold and Iso the sheaf de-
fined in Example 6.14 then the cohomology group Hˇ1(Φ(M), Iso) is isomorphic
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to Hˇ2(Φ(M),R× ZG). The latter group is isomorphic to the singular cohomol-
ogy group H2(Φ(M),ZG × R) by Theorem 6.21. But Φ(M) is contractible, so
H2(Φ(M),ZG × R) = 0. Therefore Hˇ1(Φ(M), Iso) = 0, which proves Proposi-
tion 6.12 and thereby Theorem 6.1.
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Chapter 7
Proof of Theorem 2.31, part
III: Morse theory on
orbifolds
The goal of this section is to prove
Theorem 7.1. Let (B, ξ = kerα,Ψ : ξ◦+ → g∗) be a compact connected contact
toric G-manifold with dimB ≥ 3. Suppose there is a vector X in the Lie algebra g
of G such that the function 〈Ψ, X〉 is strictly positive on B. Then dimH1(B,R) ≤
1. In particular B is not the co-sphere bundle S∗G = Tn × Sn−1, n = dimG =
1
2 (dimB + 1) ≥ 2.
The proof of Theorem 7.1 above will complete our proof of Theorem 2.31.
Since Theorem 2.31 implies the main result of the notes, Theorem 1.4, this, in
turn, will finish the proof of the main result. As was sketched out at the beginning
of Chapter 4 our proof of Theorem 7.1 has several steps. The first one is a theorem
implicit in a paper of Boyer and Galicki [BG]:
Theorem 7.2. Let (B, ξ = kerα,Ψ : ξ◦+ → g∗) be a compact connected contact
toric G-manifold with dimB ≥ 3. Suppose there is a vector X in the Lie algebra
g of G such that the function 〈Ψ, X〉 is strictly positive on B. Then there exists
on B a locally free circle action so that the quotient M = B/S1 is a (compact)
symplectic toric orbifold.
The second step is the argument that ifM is a compact connected symplectic
toric orbifold then Hq(M,R) = 0 for all odd degrees q. This step uses Morse theory
on orbifolds.
Let us now see why these two steps give us a proof of Theorem 7.1. Consider
the circle action produced by Theorem 7.2 and the corresponding S1 orbit map
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π : B →M . If the circle action is actually free, then π is a circle fibration and we
have the Gysin sequence
0 = H−1(M,R)→ H1(M,R)→ H1(B,R)→ H0(M,R)→ H2(M,R)→ · · · .
(7.1)
If the action of S1 is locally free, the long exact sequence (7.1) still exists. The
reason is that the Gysin sequence arises from a collapse of the Leray-Serre spectral
sequence for a sphere bundle. For locally free S1 actions the orbit map π : B →M
is not a fibration, but the corresponding spectral sequences still collapses if we use
real coefficients.1 Now, since H1(M,R) = 0 by the second step, it follows from
(7.1) that dimH1(B,R) ≤ dimH0(M,R) = 1, which proves Theorem 7.1.
Here is an outline of the rest of the section. We start with a review of the
notion of orbifold. We recall how orbifolds arise as quotients of manifolds by locally
free actions of compact Lie groups. We then review the symplectic reduction theo-
rem, in particular the fact that generically symplectic reduced spaces are orbifolds
and use it to prove Theorem 7.2. Next we define Morse functions on orbifolds,
and discuss the two fundamental results of Morse theory on orbifolds. Finally we
argue that a compact symplectic toric orbifold M has a Morse function with all
indices even and use this to conclude that the real cohomology of M vanishes in
odd degrees.
We now define orbifolds and related differential geometric notions. For more
details, see Satake [Sa1, Sa2] and, for a more modern point of view, Ruan [R].
The notion of orbifold was introduced by Satake in 1956 under the name of V-
manifold. Orbifolds are designed to generalize manifolds in the following sense:
an n-dimensional manifold is locally modeled on an open subset of Rn. An n-
dimensional orbifold is locally modeled on a quotient U˜/Γ where U˜ is an open
subset of Rn and Γ is a finite group acting smoothly on U˜ . To give a precise
definition we need a few preliminary notions — we need to define charts, atlases
and compatibility of atlases.
Let U be a connected topological space, U˜ a connected n-dimensional mani-
fold and Γ a finite group acting smoothly on U˜ . An n-dimensional uniformizing
chart2 on U is a triple (U˜ ,Γ, ϕ) where ϕ : U˜ → U is a continuous map inducing
a homeomorphism between U˜/Γ and U (thus, in particular, ϕ is constant on the
orbits of Γ). We will only consider charts where the set of points in U˜ fixed by Γ
is either all of U˜ or is of codimension 2 or greater. Note that we do not require
that Γ acts effectively.
Two uniformizing charts (U˜1,Γ1, ϕ1) and (U˜2,Γ2, ϕ2) of U are isomorphic
if there is a diffeomorphism ψ : U˜1 → U˜2 and an isomorphism λ : Γ1 → Γ2 such
that ψ is λ-equivariant (i.e., ψ(g · x) = λ(g) · ψ(x) for all g ∈ Γ1, x ∈ U˜1) and
ϕ2 ◦ ψ = ϕ1. For example, fix a ∈ Γ. Define ψ : U˜ → U˜ by ψ(x) = a · x. Let
λ(g) = aga−1. Then (ψ, λ) : (U˜ ,Γ, ϕ)→ (U˜ ,Γ, ϕ) is an isomorphism.
1 The reader not familiar with spectral sequences may wish to take this claim on faith.
2Ruan calls it a uniformizing system.
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Let ι : U ′ →֒ U be a connected open subset of U . We say that a uniformizing
chart (U˜ ′,Γ′, ϕ′) is induced from a uniformizing chart (U˜ ,Γ, ϕ) on U if there is a
monomorphism λ : Γ′ → Γ and a λ-equivariant embedding ψ : U˜ ′ → U˜ such that
ι ◦ ϕ′ = ϕ ◦ ψ. In this case (ψ, λ) : (U˜ ′,Γ′, ϕ′)→ (U˜ ,Γ, ϕ) is called an injection.
An orbifold atlas on a Hausdorff topological space M is an open cover U
of M satisfying the following conditions:
1. Each element U of U is uniformized, say by (U˜ ,Γ, ϕ).
2. If U,U ′ ∈ U and U ′ ⊂ U then there is an injection (U˜ ′,Γ′, ϕ′)→ (U˜ ,Γ, ϕ).
3. For any point p ∈ U1 ∩ U2, U1, U2 ∈ U , there is a connected open set U3 ∈
U with p ∈ U3 ⊂ U1 ∩ U2 (and hence there are injections (U˜3,Γ3, ϕ3) →
(U˜1,Γ1, ϕ1) and (U˜3,Γ3, ϕ3)→ (U˜2,Γ2, ϕ2)).
Suppose that V and U are two orbifold atlases on a space M , that V is a
refinement of U and that for every V ∈ V and U ∈ U with V ⊂ U we have an
injection (V˜ ,∆, φ) →֒ (U˜ ,Γ, ϕ), where (V˜ ,∆, φ) and (U˜ ,Γ, ϕ) are the respective
uniformizing charts. We then say that V and U are directly equivalent orbifold
atlases. Now take the smallest equivalence relation on the orbifold atlases on M
so that any two directly equivalent atlases on M are equivalent. We now define an
orbifold to be a Hausdorff topological space together with an equivalence class of
orbifold atlases.
Let x be a point in an orbifold M , and let (U˜ ,Γ, ϕ) be a uniformizing chart
with x ∈ ϕ(U˜). The (orbifold) structure group of x is the isotropy group of a
point in the fiber ϕ−1(x). It is well-defined as an abstract group: if x1, x2 ∈ ϕ−1(x)
then the corresponding isotropy groups are conjugate in Γ.
Remark 7.3. It is not hard to show that if (U˜ ,Γ, ϕ) is a uniformizing chart of U ,
then for any point x ∈ U there is a neighborhood U ′ and a uniformizing chart
(U˜ ′,Γ′, ϕ′) induced from (U˜ ,Γ, ϕ) such that (ϕ′)−1(x) is a single point x˜ (and
hence Γ′ fixes x˜). We will refer to (U˜ ′,Γ′, ϕ′) as a chart centered at x.
Let M be an orbifold with an atlas {U˜i,Γi, ϕi}. A smooth function f
on M is a collection of smooth Γi-invariant functions f˜i on U˜i such that for any
injection (ψij , λij) : (U˜j ,Γj , ϕj) →֒ (U˜i,Γi, ϕi) we have ψij∗f˜i = f˜j . Naturally each
f˜i defines a continuous map fi : U˜i/Γi = Ui → R. Thanks to the compatibility
conditions above, these maps glue together to define a continuous map from the
topological space underlining M to R. By abuse of notation we may write f :
M → R. Similarly, a differential k-form σ on the orbifold M is a collection of
Γi-invariant k-forms σ˜i on U˜i such that for any injection (ψij , λij) : (U˜j ,Γj , ϕj) →֒
(U˜i,Γi, ϕi) we have ψij
∗σ˜i = σ˜j . We denote the collection of all differential forms
onM by Ω∗(M). Note that Ω∗(M) has a well-defined exterior multiplication (since
exterior multiplication behaves well under pull-blacks) and exterior differentiation
d : Ω∗(M) → Ω∗+1(M) (for the same reason). In the same manner one defines
vector fields, Riemannian metrics, quadratic forms and other differential geometric
objects on orbifolds.
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Finally we define maps of orbifolds. The reader should be aware that there are
several notions of maps orbifolds. For example Satake in his two papers gave two
inequivalent definitions. The one we give below is the simplest; it is not the best.
It will, however, suffice for our purposes. See Ruan’s survey [R] for the modern
point of view. Let (M, {U˜i,Γi, ϕi}) and (N, {V˜j ,∆j , φj}) be two orbifolds and let
F :M → N be a continuous map of underlying topological spaces. The map F is a
(smooth) map of orbifolds if for every point x ∈M there are charts (U˜i,Γi, ϕi),
(V˜j ,∆j , φj) with x ∈ ϕ(U˜i), F (ϕi(U˜i)) ⊂ φj(V˜j) and a C∞ map F˜ji : U˜i → V˜j
such that
φj ◦ F˜ji = F ◦ ϕi.
The reason for the appearance of orbifolds in these notes is the symplectic
reduction theorem of Marsden, Weinstein and Meyer [MW, Me]:
Theorem 7.4. Let (M,ω) be a symplectic manifold with a Hamiltonian action of
a Lie group G. Let Φ : M → g∗ denote a corresponding moment map. Suppose
η ∈ g∗ is a regular value of Φ and suppose that the action of the isotropy group Gη
of η on Φ−1(η) is proper. Then the action of Gη on Φ
−1(η) is locally free and the
quotient Mη := Φ
−1(η)/Gη is naturally a symplectic orbifold.
We will not discuss the proof of this well known theorem. Instead let me
briefly explain why quotients by locally free actions are orbifolds. The reason is the
slice theorem: if the action of a Lie group G is locally free and proper on a manifold
Z, then for any point z ∈ Z there is a slice Sz for the action of G and the isotropy
group Gz is finite. The quotient Sz/Gz is homeomorphic to a neighborhood of the
orbit G · z in the orbit space Z/G. The triple (Sz, Gz , ϕ : Sz → Sz/Gz →֒ Z/G) is
a uniformizing chart of the orbifold Z/G.
Let us now prove Theorem 7.2.
Proof of Theorem 7.2. SinceB is compact, the image Ψα(B) is compact. Therefore
the set of vectors X ′ ∈ g, such that the function 〈Ψα, X ′〉 is strictly positive on B,
is open. Hence we may assume that X lies in the integral lattice ZG := ker(exp :
g → G) of the torus G. Let H = {exp tX | t ∈ R} be the corresponding circle
subgroup of G.
Let f(x) = 1/(〈Ψα(x), X〉) and let α′ = fα. The form α′ is another G-
invariant contact form with kerα′ = ξ. The moment map Ψα′ defined by α
′ satisfies
Ψα′ = fΨα. Therefore 〈Ψα′(x), X〉 = 1 for all x ∈ B.
Since the function 〈Ψα, X〉 is nowhere zero, the action of H on B is locally
free. Consequently the induced action of H on the symplectization (N,ω) = (B ×
R, d(etα′)) is locally free as well. Hence any a ∈ R is a regular value of the X-
component 〈Φ, X〉 of the moment map Φ for the action of G on the symplectization
(N,ω). Note that Φ(x, t) = −etΨα′(x). The manifold B×{0} is the −1 level set of
〈Φ, X〉. Therefore by the reduction theorem M := (〈Φ, X〉)−1(−1)/H ≃ B/H is a
(compact connected) symplectic orbifold. The action of G on (〈Φ, X〉)−1 descends
to an effective Hamiltonian action of G/H on M . A dimension count shows that
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the effective action of G/H on M is completely integrable, i.e., M is a symplectic
toric orbifold.
The rest of the section is a proof that real odd dimensional cohomology
vanishes for symplectic toric orbifolds. It uses Morse theory.
7.1 Morse theory on orbifolds
Let us start by briefly reviewing the fundamental results of Morse theory on man-
ifolds. Let f : M → R be a smooth function. A critical point of f is a point p
where the differential df is 0. The image f(p) of a critical point p is a critical
value of f . A critical point p of f is nondegenerate if the Hessian d2fp is a non-
degenerate quadratic form (in local coordinates d2fp is the matrix of second order
partials
(
∂2f
∂xi∂xj
)
; thus d2fp(x) =
∑
ij
∂2f
∂xi∂xj
xixj). The index of a nondegenerate
critical point p is the number of negative eigenvalues of the Hessian d2fp (counted
with multiplicities.) The two and a half fundamental results of Morse theory are
the two theorems and the lemma below.
Theorem 7.5. Let f be a smooth function on a manifold M , and Ma the set
f−1( (−∞, a] ). If f−1([a, b]) is compact and contains no critical points then Ma is
homotopy equivalent to Mb.
Sketch of proof. Fix a Riemannian metric on M . Since f has no critical points in
f−1([a, b]), the unit vector field X = −∇f/||∇f || is well-defined. Extend X to all
of M . The flow of X gives a retraction of Mb onto Ma.
Theorem 7.6. Let f be a smooth function on a manifold M . Suppose f−1([a, b])
is compact and contains exactly one nondegenerate critical point p in its interior.
Then Mb has the homotopy type of Ma with a λ-dimensional disk D
λ attached
along the boundary ∂Dλ = Sλ−1 where λ is the index of p.
We omit the proof of the theorem which is well known noting only that the
key ingredient of the proof is
Lemma 7.7 (Morse Lemma). Let p be a nondegenerate critical point of index
λ of a function f : M → R. There is a neighborhood U of p in M and an open
embedding ϕ : U →M such that f ◦ϕ(x) = f(p)+d2fp(x) for all x ∈ U . There is,
there is a change of coordinates near p so that in new coordinates f is a quadratic
form (up to a constant).
Moreover, if a compact Lie group G acts on M fixing p and preserving f , we
may arrange for U to be G-invariant and for ϕ to be G-equivariant. Note that in
this case the Hessian d2fp(x) is a G-invariant quadratic form.
Suppose now that f is a smooth function on an orbifold M . Then the 1-
form df still makes sense. We define p to be a critical point of f if dfp = 0.
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A critical point p is nondegenerate if for any uniformizing chart (U˜ ,Γ, ϕ) with
p ∈ U = ϕ(U˜ ), a point p˜ ∈ ϕ−1(p) is a nondegenerate critical point of f˜ = f ◦ ϕ.
The index of p is the index of the Γ-invariant quadratic form d2f˜p˜.
It is not hard to believe that Theorem 7.5 holds for orbifolds with no changes
and that essentially the same proof still works. Theorem 7.6 requires a small mod-
ification, see [LT].
Theorem 7.8. Let f be a smooth function on an orbifold M . Suppose f−1([a, b])
is compact and contains exactly one nondegenerate critical point p in its interior.
Then Mb has the homotopy type of Ma with the quotient D
λ/Γ attached along the
boundary (∂Dλ)/Γ = Sλ−1/Γ where λ is the index of p and Γ is structure group
of p. Here again Dλ and Sλ−1 denote the disk of dimension λ and the sphere of
dimension λ− 1 respectively.
Corollary 7.9. Let f : M → R, p, λ and Γ be as above. Then H∗(Mb,Ma;R) =
H∗(Dλ/Γ, Sλ−1/Γ;R). Hence, if Γ is orientation preserving, Hq(Mb,Ma;R) = R
for q = λ and 0 otherwise.
Proof. By excision H∗(Mb,Ma;R) = H
∗(Dλ/Γ, Sλ−1/Γ;R). If Γ is orientation
preserving, then Hq(Dλ/Γ, Sλ−1/Γ;R) = H˜q(Sλ/Γ;R) = R for q = λ and 0
otherwise. Here H˜q denotes the reduced cohomology.
As a consequence of the corollary above we get
Corollary 7.10. Let f be a smooth function on a compact orbifold M . Suppose
all indices of f are even. Then Hq(M,R) = 0 for all odd indices q.
Proof. The proof is inductive. Suppose that c is a critical value of f and suppose
we know that for all a < c we haveHq(Ma,R) = 0 for q odd. Assume for simplicity
that f−1(c) contains only one critical point (this keeps the notation more manage-
able) and that its index is 2k for some integer k. Then using the long exact sequence
for the pair (Mc+ǫ,Mc−ǫ) (for some sufficiently small ǫ > 0) and Corollary 7.9 we
see that Hq(Mc+ǫ,R) = H
q(Mc−ǫ,R) for q 6= 2k − 1, 2k, that H2k−1(Mc+ǫ,R)
embeds in H2k−1(Mc−ǫ,R) = 0 and that H
2k(Mc+ǫ,R) = H
2k(Mc−ǫ,R)⊕R. The
result follows.
Now suppose (M,ω,Φ :M → g∗) is a compact symplectic toric orbifold. Just
as for symplectic toric manifolds the image Φ(M) is a simple polytope and the
moment map sends the fixed points MG in one-to-one fashion to vertices of Φ(M)
(see [LT]). Therefore, for a generic vector X ∈ g the function f = 〈Φ, X〉 takes
distinct values at fixed points. We will now argue that the critical points of f are
exactly the fixed points. We will then argue that f is Morse and that all indices
of f are even.
For an action of a torus G on a compact orbifold M only finitely many
isotropy groups can occur. This is a consequence of compactness and existence
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of slices. Therefore the set of subalgebras gx, which are Lie algebras of isotropy
groups for the action of G on M , is finite. Hence the set
U = gr
⋃
x∈M
{gx | gx 6= g}
is open and dense. Now take X to be a vector in U . Then
0 = dfx = d〈Φ, X〉x = (ι(XM )ω)x ⇔ XM (x) = 0
⇔ exp tX · x = x for all t
⇔ exp tX ∈ Gx for all t
⇔ X ∈ gx.
Since X ∈ U we see that dfx = 0 ⇔ gx = g ⇔ x is fixed by G. It remains to check
that f is Morse and that all the indices of f are even.
Let x ∈MG be a fixed point and let (U˜ ,Γ, ϕ) be a uniformizing chart centered
at x (cf. Remark 7.3). We may assume that U = ϕ(U˜) is G-invariant. Denote the
symplectic form on U˜ by ω˜. The map Φ˜ = Φ ◦ ϕ : U˜ → g∗ is a moment map for
an action of a torus G˜ on U˜ . One can show arguing as in the proof of Lemma 4.6
that Γ ⊂ G˜ and that G = G˜/Γ. In particular G˜ has g as its Lie algebra. We now
apply the equivariant Darboux theorem to U˜ , ω˜ and G˜. We get a G˜ invariant
neighborhood V˜ of x˜ = ϕ−1(x), an open neighborhood V˜0 of 0 in Tx˜U˜ and a
G˜-equivariant diffeomorphism τ : V˜0 → V˜ such that τ∗ω˜ = ω˜0 where ω˜0 is the
constant coefficient form ω˜x˜ on the vector space Tx˜U˜ .
The action of G˜ on Tx˜U˜ is linear. Hence the corresponding moment map
Φ˜0 : Tx˜U˜ → g∗ is quadratic. In fact by choosing a G˜-invariant complex struc-
ture on Tx˜U˜ compatible with the symplectic form we can identify (Tx˜U˜ , ω˜0) with
(Cn,
√−1∑ dzj ∧ dz¯j) so that the action of G˜ is given by
a · (z1, . . . , zn) = (χ1(a)z1, . . . , χn(a)zn)
for some characters χj : G˜→ S1. Then
Φ˜0(z1, . . . , zn) =
∑
|zj |2νj
where νj = dχj are the corresponding weights. Since τ is a G˜-equivariant sym-
plectomorphism, Φ˜ ◦ τ = Φ˜0 + c for some constant c ∈ g∗. Hence
f ◦ ϕ ◦ τ = 〈Φ, X〉 ◦ ϕ ◦ τ = 〈Φ˜, X〉 ◦ τ = 〈Φ˜0, X〉+ c, i.e.,
f ◦ ϕ ◦ τ(z1, . . . , zn) =
∑
νj(X)|zj |2 + c.
By the choice of X , νj(X) 6= 0 for any j. Thus f ◦ ϕ is Morse and its index at x˜
is twice the number of weights νj with νj(X) < 0. Therefore, by definition, f is a
Morse function on M and all indices of f are even.
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Appendix A
Hypersurfaces of contact
type
Contact manifolds often arise as codimension 1 submanifolds of symplectic mani-
folds, i.e., as hypersurfaces.
Definition A.1. Let (M,ω) be a symplectic manifold. A hypersurface Σ of M is
of contact type if there is a neighborhood U of Σ in M and a vector field X on
U such that
1. TmM = TmΣ ⊕ RX(m) for any point m ∈ Σ, i.e., the vector field X is
nowhere tangent to Σ;
2. the flow of X expands the symplectic form ω exponentially, i.e., LXω = ω,
where as usual LX denotes the Lie derivative with respect to X .
The vector field X with above properties is often called a Liouville vector field.
We now prove that hypersurfaces of contact type are indeed contact mani-
folds.
Proposition A.2. Let Σ be a hypersurface of contact type in a symplectic man-
ifold (M,ω) and let X be a Liouville vector field defined on a neighborhood U of
Σ. The 1-form α = (ι(X)ω)|Σ is contact.
Proof. Note first that d(ι(X)ω) = d(ι(X)ω) + ι(X)dω = LXω = ω. Hence dα =
d(ι(X)ω)|Σ = ω|Σ. Since ω is symplectic and Σ is of codimension 1 in M , the form
ωm|TmΣ has a 1-dimensional kernel (for any point m ∈ Σ). Thus there is a vector
Ym ∈ TmΣ such that ωm(Ym, v) = 0 for any v ∈ TmΣ. Since ω is symplectic and
since by assumption TmM = TmΣ⊕ RX(m) for all m ∈ Σ we have
0 6= ωm(Ym, X(m)) = −(ι(X)ω)m(Ym) = −αm(Ym).
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Hence αm 6= 0 for all m ∈ Σ and consequently ξ = kerα is a codimension 1
distribution on Σ. It remains to show that for any m ∈ Σ
dαm|ξm = ωm|ξm
is non-degenerate. On the other hand dαm = ωm|TmΣ and ξm = {v ∈ TmΣ |
ωm(v,X(m)) = 0}. Since ωm(v, Ym) = 0 for any v ∈ TmΣ, the subspace ξm of
TmM lies in the symplectic perpendicular to the 2-plane spanR{Ym, X(m)} in
(TmM,ωm):
ξm ⊂ (spanR{Ym, X(m)})ω.
Since dim ξm = dimM − 2 = dim(spanR{Ym, X(m)})ω, we have equality:
ξm = (spanR{Ym, X(m)})ω. Since (spanR{Ym, X(m)}) is a symplectic subspace,
its symplectic perpendicular ξm is symplectic as well.
Example A.3. Let (Q, g) be a Riemannian manifold. Let g∗ denote the dual metric
on T ∗Q. The co-sphere bundle S∗Q is the set of covectors in T ∗Q of length 1:
S∗Q = {(q, p) ∈ T ∗Q | q ∈ Q, p ∈ T ∗qQ, g∗q (p, p) = 1}. It is a hypersurface of
contact type in T ∗Q relative to the standard symplectic structure. The Liouville
vector field is the generator of dilations. In local coordinates X(q, p) =
∑
pj
∂
∂qj
.
Exercise A.4. A codimension 1 hypersurface Σ ⊂ Cn is star-shaped about the
origin if for any nonzero vector v ∈ Cn the ray {tv | t ∈ (0,∞)} intersects Σ
transversely in exactly one point. In particular Σ is the image of an embedding
ι : S2n−1 →֒ Cn of the (2n− 1)-dimensional sphere.
Show that any star-shaped hypersurface is a hypersurface of contact type
in (Cn, ω =
√−1∑ dzj ∧ dz¯j). Show that any two star-shaped hypersurfaces are
isomorphic as contact manifolds. The contact structure in question is called the
standard contact structure on S2n−1.
Prove a converse: given a contact form α on S2n−1 defining the standard
contact structure there is an embedding ı : S2n−1 → Cn such that ı∗(ι(X)ω) = α
where X is the radial vector field on Cn: X(z) = 12
∑(
zj
∂
∂zj
+ z¯j
∂
∂zj
)
.
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